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The beta- and gamma-radiations from Cu“ and Eu" have been studied with the aid of a 
magnetic spectrometer of high resolution. Copper emits both positrons and electrons with a 
maximum energy of 0.659+0.003 and 0.578+0.003 Mev, respectively. The effect on the 
shape of the spectra of scattering within the source was investigated. The spectra obtained 
with an extremely thin source were found to contain fewer low energy particles than those 
obtained with a thicker source. The thin source results in much better agreement with the 
original Fermi theory of beta-decay than with the later modification introduced by Konopinski 
and Uhlenbeck. As the source is made thicker there is a gradual change in the shape of the 
spectra which eventually brings about better agreement with the K-U theory than with the 
Fermi theory. Eu emits electrons with a maximum energy of 1.885+0.012 Mev and several 
gamma-rays. The energies of three of the gamma-rays have been determined as 0.123+0.001, 


0.163+0.001 and 0.725+0.003 Mev. 


INTRODUCTION 


O THEORETICAL treatment of the con- 

tinuous energy distribution of the beta- 
particles emitted by radioactive materials has 
been entirely satisfactory. The original Fermi 
theory' apparently predicts fewer low energy 
beta-particles than are found experimentally. 
Konopinski and Uhlenbeck? pointed out that 
several modifications of the theory are possible. 
One modification in particular yields a distribu- 
tion which agreed quite well over the major 
portion of the spectrum with the data available 
at that time. However a serious discrepancy 
between theory and experiment appears near 
the upper limit of the spectrum. It is rather im- 
probable that this can be due to experimental 


'E. Fermi, Zeits. f. Physik 88, 161 (1934). 
y ( E. J. Konopinski and G. E. Uhlenbeck, Phys. Rev. 48, 
1935). 


error. On the other hand, it is quite possible that 
the Fermi theory can be reconciled to experi- 
ment because the discrepancy is in the low 
energy region of the spectrum where experi- 
mental errors are likely to be large. 

A magnetic spectrometer of high resolution 
has been designed and constructed with especial 
attention to the reduction of the experimental 
error in the measurement of a spectrum. Scatter- 
ing from the walls of the vacuum chamber has 
been reduced to a negligible value and corrections 
for the efficiency of the Geiger-Miiller counter 
and for the absorption in the counter window 
have been determined. A detailed description 
of the spectrometer and a discussion of the cor- 
rections is being published. 


CopPprPrER 


When copper is bombarded with deuterons an 
intense radioactivity which decays with a 12.8 
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Fic. 1. Positron spectrum of copper from sources of differ- 
ent thickness. 
hour half-life is formed. Van Voorhis* studied 
this reaction and found that the activity is due 
to Cu, which decays with the emission of either 
an electron to zinc or a positron to nickel. 
He also measured the energy distribution of the 
particles with a cloud chamber and reported 
upper limits of 0.79 and 0.83 Mev for the positron 
and electron spectra, respectively. Copper was 
chosen for further study with the magnetic 
spectrometer because it can be activated quite 
strongly, it has a conveniently long half-life 
and it is one of the few elements which emits 
both positrons and electrons. 

A thin copper foil was bombarded in the 
cyclotron for several hours. A small portion of 
the activated foil was dissolved in nitric acid 
and electroplated onto a thin copper strip 3 mm 
wide. This strip was then mounted on an alumi- 
num frame which holds it in place in the spec- 
trometer. The thickuiess of the source was about 
7 mg/cm? and that of the copper support about 
16 mg/cm?. Intensity measurements were made 
at intervals of approximately 100 Hp. Each read- 
ing was extended over a sufficient number of 
counts to obtain a statistical accuracy of about 
1—2 percent for the major portion of the spectrum 
and 10-20 percent near the upper limit. 

In order to determine whether the method of 
preparing the source has any effect on the 
shape of the spectrum a second source was pre- 
pared as follows: Scrapings from an activated 
copper target were dissolved in nitric acid and 
precipitated as Cu(OH)se. This was converted to 
CuO by boiling and then filtered. The filtering 
device was arranged to deposit the precipitate 
over a 3X20 mm area. The filter paper was cut 
along the edges of the source and the strip 


3S. N. Van Voorhis, Phys. Rev. 50, 895 (1936). 
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mounted as before. This source weighed 12.2 
mg/cm? of which 7.5 mg/cm*® was due to the 
filter paper backing. The spectra obtained with 
this source were quite different in shape from the 
first. Neither the electron nor the positron curves 
could be made to coincide by any multiplicative 
constant. Consequently a third and thinner 
source was prepared in the same manner as the 
second except that the filter paper backing was 
replaced by thin’ tissue paper. The CuO source 
weighed only 2.2 mg/cm? and the paper support 
1.8 mg/cm?. The shapes of the spectra from this 
source were again unlike those obtained with the 
other sources. Fig. 1 shows the positron spectra 
obtained with the three sources. The curves 
have been normalized at about 2900 Hp. 

The half-life of each source was checked at 
several points and was found to be 12.8 hours 
in all the energy regions of all spectra. Thus there 
is no appreciable amount of impurity in the 
copper which might account for the difference 
in shape. The absorption in the source will cause 
a general shift of the spectrum towards lower 
energy but this could not introduce as much 
distortion in the spectra as is observed. The only 
other reasonable assumption is that the effect 
is due to scattering within the source and from 
its support. If the energy of the particle is not 
changed appreciably by the scattering process, 
as one would expect in the case of electrons 
scattered in a thin layer of material, the shape of 
the spectrum should be altered only by the back 
scattering from the support. Scattering within 
the source itself should not affect the shape since 
as many particles would be scattered out of the 
selected solid angle as are scattered into it. 
Back scattering from the support will increase 
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Fic. 2. Electron spectrum from thinnest copper source. 
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RADIATIONS FROM COPPER AND 


the intensity in the forward direction by a greater 
percentage for low than for high energy regions. 
This could account for the distortion of curve A, 
Fig. 1, but not for the difference between 
curves B and C. The latter must be due mostly 
to the difference in thickness of the two sources, 
since these supports were made from a material 
of low atomic number and should produce negli- 
gible back scattering. The complete scattering 
phenomenon is apparently more complicated. 
Its effect on the shape of the spectrum is greater 
than has generally been supposed. Curve C repre- 
sents the best approximation to the true shape of 
the positron spectrum of Cu®. The observed 
upper limit corrected for the resolution of the 
spectrometer is 0.659+0.003 Mev. 

The distortion of the electron spectrum is 
almost identical to that of the positron spectrum. 
The same normalizing factors are necessary to 
make the curves coincide near the upper limit. 
Fig. 2 shows the electron spectrum obtained with 
the thinnest source. The observed upper limit is 
0.578+0.003 Mev. There is no positive indica- 
tion of a gamma-ray associated with Cu®™ other 
than the annihilation radiation. It is possible 
that a photoelectric conversion group of electrons 
may fall between two measured points of the 
electron spectrum and hence escape detection. 
However this is not very probable in view of the 
large number of measurements. The difference 
in the maximum energy of the positron and elec- 
tron spectra is 81 kev. Thus the isobars Zn® and 
Ni® should differ in mass by 8.7 KX 10-* mass unit. 

The distribution in momentum of beta- 
particles is given by the Fermi theory as: 


N(n)dn= F(Z, n)(Wo— W)?n?dn (1) 
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Fic. 3. Fermi and K-U plots of electrons from thinnest 
copper source. 
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Fic. 4. Fermi and K-U plots of positrons from thick and 
thin copper source. 





where W is the energy and 7 the momentum of 
the beta-particles and W, is the total energy 
available in a disintegration. F(Z, n) is a function 
of » and the nuclear charge only. The modifica- 
tion of Konopinski and Uhlenbeck changes the 
factor (Wo— W)? to (Wo— W)*. Kurie, Richard- 
son and Paxton‘ have pointed out that, if 
(N/n?F)'/* is plotted against energy, a straight 
line should result if the Fermi theory (k=2) or 
the K-U theory (k =4) is valid. The intercept of 
the line on the energy axis is Wo. Furthermore 
they have shown that F(Z, 7) can be approxi- 
mated by 

F(Z, n)=d/(1—e™) (2) 


where \= 27Z W/137» for values of Z up to about 
29. Fig. 3 shows these plots of the electron spec- 
trum obtained from the thinnest copper source. 
The abscissa is the kinetic energy of the electrons 
in Mev [=0.51(W—1)]. The high energy por- 
tion of the Fermi curve is exceedingly straight 
and intercepts the axis at 0.580 Mev, which is 
very nearly the observed upper limit. The 
K-U curve is quite straight at low energies but is 
definitely bad near the upper limit. If the straight 
portion of the K-U curve is extrapolated to the 
energy axis, as has often been done to obtain 
the upper limit, the intercept is 1.38 times the 
observed end point. 

Figure 4 shows the Fermi and K-U plots of the 
positrons from copper. Curves 1 and 2 are con- 
structed from the data obtained with the thinnest 
source and the thickest source, respectively. The 
intercept of the Fermi plot is 0.657 Mev. The 
Fermi plot for the thick source diverges from a 


*Kurie, Richardson and Paxton, Phys. Rev. 49, 368 


(1936). 
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straight line at a much higher energy than that 
of the thin source. If one disregards the dis- 
crepancy near the upper limit the K-U plot for 
the thick source is almost a straight line. This 
probably explains in part why many observers 
have obtained substantial agreement with the 
K-U theory. However, the spectrum obtained 
with the thin source, which is undoubtedly more 
nearly the true spectrum, definitely disproves the 
validity of the K-U theory. A thick source tends 
to favor the K-U theory hence any remaining 
distortion due to the thickness of the source 
adds more weight to the disproof of the theory. 

The departure from linearity of curve F, 
Fig. 4, and curve F, Fig. 3, in the region 0.2 to 
0.35 Mev may still be due to the thickness of the 
source. It is difficult to make a source of sufficient 
intensity much thinner than 1 or 2 mg/cm’. 
It might be possible to obtain the spectrum of a 
source of infinitesimal thickness by extrapolating 
a series of spectra obtained from sources of 
different thicknesses. In order to do this one 
would need to know the relative source strengths. 
This information is not available for the present 
data. A thorough theoretical treatment of this 
scattering phenomenon would certainly be of 
great advantage. 

The discrepancy below 0.2 Mev, however, is 
rather large to be explained by the thickness of 
the source. There are several possible explana- 
tions which may account for the large number of 
low energy electrons. The experimental accuracy 
becomes progressively worse at lower energies 
(1 percent at 0.2 Mev and 10 percent at 0.07 
Mev). Bethe ef al.5 have recently suggested that 
each observed spectrum may consist of several 
superimposed spectra of the same half-life but of 
different maximum energy. This would occur if 
the radioactive nucleus could decay to one of 
several energy states of the product nucleus. 
Thus, although the Fermi plot of the composite 
spectrum is not a straight line, that of each 
component might be. The composite Fermi plot 
may be resolved into its components by ex- 
trapolating the straight portion of the curve to 
zero energy and subtracting the number of 
counts it predicts at each point from the corre- 
sponding total number of counts. If the Fermi 
plot of this residue is not a straight line the 

5 Bethe, Hoyle and Peierls, Nature 143, 200 (1939). 
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Fic. 5. Fermi and K-U plots of electrons from europium 
source. 

process may be repeated. One would expect to 
find gamma-rays emitted during the transitions 
of the nuclei from the excited states to the 
ground state. Bethe has found several cases in 
which a spectrum could be resolved reasonably 
well into two or more components and in which. 
there are associated gamma-rays of approxi- 
mately the correct energies. It was found im- 
possible to resolve the present Fermi curves into 
two or more linear components. This does not 
rule out the possibility of a composite spectrum 
since the distortion which probably still remains 
below 0.3 Mev would make the low energy com- 
ponents nonlinear. 

It can readily be seen by a comparison of 
curve F, Fig. 3, and curve Fi, Fig. 4, that the 


departure from the Fermi theory at low energies, 


is greater for the positron spectrum than for the 
electron spectrum. Since the scattering of posi- 
trons has been found to be essentially the same 
as that of electrons it would be impossible to 
reconcile both spectra to the Fermi theory by a 
scattering phenomenon. Furthermore it might be 
well to point out that, if either spectrum is com- 
posite, the difference in energy of the two end 
points would be very nearly 0.5 Mev and the 
expected gamma-radiation would be concealed 
by the annihilation radiation. This difference 
between the positron and electron spectra leads 
one to suspect that the Fermi theory is not 
adequate at low energies and in particular does 
not take into account correctly the effect of the 
nuclear charge. 


EUROPIUM 


When europium is exposed to slow neutrons 
a strong electron radioactivity of 9.2 hours half- 
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Fic. 6. Secondary electron groups from europium gamma- 
rays. 
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life is formed. Pool® has excited this activity 
by fast neutron bombardment of Eu and has 
established that it is in the Eu isotope of mass 
152. The upper limit of the spectrum was first 
reported as 2.0 Mev by Sugden,’ who also 
detected the presence of gamma-radiation. 
Hevesy and Levi also studied this reaction and 
noticed that the slow neutron absorption cross 
section was larger than could be accounted for 
by the activity that was produced. They con- 
cluded that the resonance absorption of slow 
neurtrons formed a stable as well as a radioactive 
isotope. D. W. Stewart, formerly of the Chem- 
istry Department of the University of Michigan, 
detected in Eu a slow neutron induced activity of 
long half-life (>two years). He assigned this 
activity to the isotope of mass 154 and suggested 
that it may account for the observations of 
Hevesy and Levy. His work has not yet been 
published. He also measured the spectrum of 
the 9.2-hour period. Absorption measurements 
indicated a beta-spectrum with an upper limit of 
1.9 Mev and strong gamma-radiation of ap- 
proximately 80 kev. The beta-spectrum measured 
with a cloud chamber had an upper limit of 1.83 
Mev. The shape of the spectrum was determined 
roughly with a magnetic spectrometer by Ali- 
chanow et al. They observed an upper limit of 
2.00 Mev. The spectrum which they obtained 
from a thick source contained relatively fewer 
low energy electrons than that from a thin source. 


®°M. L. Pool, Phys. Rev. 53, 437 (1938). 

7S. Sugden, Nature 135, 469 (1935). 

5’ Hevesy and Levi, Nature 137, 185 (1939). 
_*Alichanow, Alichanian and Dzelepow, Physik. Zeits. 
Sowjetunion 11, 204 (1937). 





This is in definite disagreement with the present 
results obtained with copper. 

Pure Eu2O; was spread in a thin layer on a 
3-mm strip of tissue paper stretched on the 
aluminum mounting frame and held in place by 
a small amount of collodion. The source was 
surrounded with paraffin blocks and exposed 
to the neutrons produced by deuterons striking 
a beryllium target. The EusO; source weighed 
11.7 mg/cm? and the paper support 1.8 mg/cm’. 
Since this source is quite thick it is not suitable 
for a determination of the shape of the spectrum 
except near the upper limit. The low energy 
portion of the spectrum is also distorted by the 
secondary electrons from the gamma-rays. The 
K-U and Fermi plots of the spectrum are shown 
in Fig. 5. The Fermi curve is linear near the 
upper limit and intercepts the axis at 1.875 
Mev. The observed upper limit is 1.885+0.012 
Mev. The departure from linearity below 1.4 
Mev could easily be due to the thickness of the 
source. Whereas scattering is much less in this 
higher energy region, Eu has a higher atomic 
number than Cu (63 vs. 29) and hence is much 
more effective as a scatterer. The K-U curve is 
quite linear below 1.4 Mev. This again is prob- 
ably a consequence of the thick source, similar 
to the case of copper. 

There are three processes by which a gamma- 
ray can give up its energy to an electron: the 
Compton effect, the photoelectric effect and 
internal conversion. Compton electrons are 
spread over a large range of energy while photo- 
electrons appear in definite energy groups. 
Because of this the spectrometer can detect a 
much lower intensity of photoelectrons than of 
Compton electrons. This is particularly true if 
the secondary electrons’ are superimposed on a 
continuous spectrum. Moreover, because of the 
relatively low cross section for the photoelectric 
process at all except quite low energies, it is 
probable that any electron groups which can be 
detected with the present arrangement and 
strength of the source are produced by the in- 
ternal conversion of gamma-rays. 

The region of low energy was investigated in 
small intervals in order to detect secondary 
electron groups. Three such groups were resolved 
above the continuous spectrum. They are shown 
in Fig. 6. The measured energy values are 
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0.0727 +0.0005, 0.1128+0.0007 and 0.675+0.003 
Mev. These peaks decayed with the same half- 
life as the continuous spectrum. This indicates 
that the gamma-rays originate from the decay 
product of Eu. The product nucleus is formed in 
an excited state and immediately falls to the 
ground state with the emission of one or more 
gamma-rays. The lifetime of an excited state is 
so short that the decay of the observed gamma- 
ray intensity is determined entirely by the half- 
life of the Eu. If the gamma-ray were emitted 
first this would not be the case. 

The two low energy peaks are separated by 
40.1+1.0 kev. The K minus the L binding 
energy of Eu is 48.5—8.0=40.5 kev. These 
peaks have the correct separation to be due 
to the K and L photoelectrons ejected from Eu 
by a gamma-ray with an energy of 0.1210+0.001 
Mev. If the gamma-ray were internally con- 
verted, the peaks should be separated by the K 
minus the L binding energy of Gd, the nucleus 
from which the gamma-ray originated, which is 
50.3—8.4=41.9 kev. The difference is greater 
than the probable error in the present measure- 
ments but not sufficiently greater to rule out 
this process. One serious objection to both of 
these possibilites is that the two groups are of 
equal intensity, whereas usually the K group is 
much the stronger in accordance with the 
theoretical predictions. This is perhaps recon- 
cilable but it leads one to suspect that the peaks 
might be due to the K electron groups of two 
gamma-rays, which happen to differ in energy 
by 40 kev. The electron group formed by con- 
version of the lower energy gamma-ray in the 
L shell would be masked by the K group of the 
other gamma-ray. The L group of the higher en- 
ergy gamma-ray should appear at about 0.155 
Mev. There was an indication of a small peak 
in this region but its existence cannot be es- 
tablished definitely until a more intense source is 
obtained. If there are two gamma-rays present 
their energies are 0.123+0.001 and 0.163+0.001 
Mev. 

These two low energy peaks account for the 
exceedingly large number of low energy electrons 
in the Eu spectrum reported by Alichanow. His 
spectrometer had a very poor resolving power 
and could not resolve these lines from the con- 
tinuous spectrum. 


The electron group at 0.675 Mev is probably 
the K conversion electrons ejected from Gd by a 
0.725+0.003-Mev gamma-ray. The LZ group 
would be too weak to be detected. There are sev- 
eral indications of other gamma-rays but definite 
peaks could not be resolved with the intensity 
available. The relative intensities of the three 
gamma-rays can be estimated from the in- 
tensities of the electron groups with the help 
of the theoretical internal conversion coefficients. 
If all the gamma-rays are dipole radiation the 
relative intensities are 1:2 :6 for the 0.123, 
0.163 and 0.725-Mev lines, respectively. If the 
0.725-Mev gamma-ray is quadripole radiation its 
relative intensity is 2 instead of 6. 

J. R. Richardson’? has investigated the 
gamma-radiation from Eu with a cloud chamber 
and has reported three lines at 0.045, 0.31 and 
0.90 Mev of roughly equal intensity. In his 
measurements the Compton electrons from the 
0.9-Mev gamma-ray would obscure the photo- 
electron group from the 0.725-Mev line. The 
Compton electron distribution from the latter 
gamma-ray would blend into that of the 0.31- 
Mev line and be difficult to resolve without a 
strong source. The absence of photoelectron 
groups in the vicinity of 1000 Hp indicates that 
the two such groups found with the spectrometer 
result from two highly internally converted 
gamma-rays. It was pointed out before that the 
separation of the groups indicates that, if they 
are formed by the internal conversion of gamma- 
radiation in Gd, they are probably due to two 
different gamma-rays. He suggested that the 
45 kev line is the K radiation from Sm"™, which 
would be formed if Eu decayed also by the 
capture of a K electron and the emission of a 
neutrino. If a gamma-ray is internally converted 
in Gd approximately 45 kev radiation would 
also be present, so it is not necessary to postulate 
K-electron capture in order to explain the 
presence of K radiation. 

I wish to express my gratitude to Professor 
J. M. Cork, Professor S. A. Goudsmit, Dr. H. R. 
Crane and other members of the Physics De- 
partment for many helpful discussions of the 
problems met with in this research. This work 
has been made possible by the Horace H. Rack- 
ham endowment fund. 
~ 10. R. Richardson, Phys. Rev. 55, 609 (1939). 
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The Beta-Ray Spectra of Phosphorus, Sodium and Cobalt 


J. L. Lawson 
University of Michigan, Ann Arbor, Michigan 
(Received June 2, 1939) 


The beta-ray spectra of phosphorus, sodium and cobalt have been obtained by means of a 
magnetic spectrometer of high resolving power. In the cases of phosphorus and sodium, where 
the most accurate work was possible, the shapes of the spectra differ from the results previously 
reported by other investigators in that there are fewer low energy particles. The reduction in 
this number of particles has been traced to the relative absence of scattering in the radioactive 
source and its mounting. The general shape of the spectra is found to agree more satisfactorily 
with that predicted from the original theory of Fermi than that given by the modification of 
this theory proposed by Konopinski and Uhlenbeck. The maximum energy of the continuous 
electrons emitted from phosphorus and sodium are found to be 1.72 and 1.4 Mev, respectively. 
The value for sodium electrons is considerably lower than has been previously observed. 
The shape of the cobalt positron spectrum suggests two superimposed continuous distributions. 
The observed upper energy limit of 1.50 Mev agrees fairly well with the previously reported 
value. The excellent resolution of the spectrometer is illustrated by the separation of the K 
and L shell conversion electrons arising from a gamma-ray in indium. The observed resolution 
is only slightly less than the calculated value due to the absorption of electrons in the source. 
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NE of the most accurate methods available 

for the measurement of the beta-ray spectra 
of radioactive materials is by means of a mag- 
netic spectrometer. A complete description of 
such a spectrometer having a high resolution is 
now being published. The instrument has been 
so designed that scattering from internal surfaces 
has been minimized. Particular emphasis has 
been placed upon the necessary corrections which 
must be made to the observed results due to 
various instrumental difficulties. Those correc- 
tions pertaining to the resolution of the instru- 
ment, the efficiency of the Geiger-Miiller counter 
and the absorption in the window of the counter, 
have been computed. The resolution of the 
instrument has been set at about 1.6 percent, 
which represents the observed fractional mo- 
mentum spread at } maximum intensity of a 
monochromatic beta-ray spectrum. The re- 
solving power can be easily increased, but the 
intensity of the available samples were insuffi- 
cient to warrant higher resolution. 


PHOSPHORUS 


Newson! and others have shown that a very 
strong radioactivity of half-life 14.5 days can be 
induced by bombarding phosphorus with deu- 


terons. This activity has been ascribed to the 


1H. W. Newson, Phys. Rev. 51, 624 (1937). 


negative electrons emitted in the disintegration 
of P® into S*®. The energy spectrum of these 
electrons was first measured by J. Ambrosen.? 
Using a Wilson cloud chamber, he obtained a 
distribution of electrons with an observed upper 
energy limit of about 2 Mev. Alichanow et al.,’ 
using tablets of activated ammonium phospho- 
molybdate in a magnetic spectrometer of low 
resolving power, find the upper limit of the 
electron energy to be 1.95 Mev. Kurie, Richard- 
son and Paxton‘ have observed this upper limit 
to be approximately 1.8 Mev. This work was 
done with a six-inch cloud chamber, and the 
results were obtained from a distribution in- 
volving about 1500 tracks. Paxton® has investi- 
gated only the upper regions of the spectrum 
with the same cloud chamber, and reports that 
all observed tracks above 1.64 Mev can be 
accounted for by the errors in the method. 
E. M. Lyman*® was the first investigator to 
determine accurately the spectrum of phosphorus 
by means of a magnetic spectrometer. The upper 
limit of the spectrum which he has obtained is 
1.7+0.04 Mev. The relatively small probable 
error in the final value is the result of the high 


2 J. Ambrosen, Zeits. f. Physik 91, 43 (1934). 

3 Alichanow et al, Nature 137, 314 (1936). 

*Kurie, Richardson and Paxton, Phys. Rev. 49, 368 
(1936). 

5H. C. Paxton, Phys. Rev. 51, 170 (1937). 

*E. M. Lyman, Phys. Rev. 51, 1 (1937). 
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Fic. 1. The effect of various back scattering agents upon 
the spectrum of phosphorus. 


resolving power of the instrument and the small 
statistical scatter in the observed points. The 
target used in his investigation was composed of 
a thin layer of red phosphorus backed by a thick 
copper plate. The whole assembly had been 
directly bombarded with deuterons in the cyclo- 
tron. In order to allow the shorter activities 
induced in the copper etc. from affecting the 
final distribution, the target was allowed to 
“‘age”’ for several days. 

Because the distribution might be affected by 
the scattering of electrons from the copper 
backing of the target used by Lyman, it was 
considered worth while to investigate the effects 
upon the spectrum of various backing materials. 
Accordingly a sample of iron phosphide was 
prepared in essentially the same fashion as 
suggested by Wilson and Kamen.’ This target 
was bombarded with deuterons from the Uni- 
versity of Michigan cyclotron for several days. 
The average deuteron current during this period 
was approximately 20 microamperes. After 
bombardment the iron phosphide and its copper 
backing were placed in nitric acid. The cleared 
iron phosphide was then fused with sodium 
peroxide in a small nickel crucible. Cobalt and 
nickel were added as carriers to bring down those 
elements, and the solution was then filtered. 
The phosphorus was precipitated from the 
filtrate as lead phosphate. This was then filtered 
on a flat paper so that the residue settled evenly. 
Strips cut from this final filter paper containing 
the lead phosphate were used as the source in 
the magnetic spectrometer. The average weight 
of the precipitate was approximately 5 mg per 


7R. R. Wilson and M. D. Kamen, Phys. Rev. 54, 1031 
(1938). 
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cm*, and the only backing to the source consisted 
of the filter paper itself. 

This source yielded the spectrum shown in 
curve A, Fig. 1. This spectrum was obtained by 
observing the counting rate of the Geiger-Miiller 
counter for various magnetic field settings. The 
observed counting rate was corrected for losses 
due to the counting rate, background, counter 
efficiency and window absorption. The finally 
corrected counting rate for each point was then 
divided by the value of the magnetic field in 
order to express the relative numbers of particles 
emitted in equal momentum intervals. The 
magnetic field was measured accurately at each 
point and is considered to be reliable to one part 
in 1000 relative, or one part in 500 absolute. 
Each measured point is the result of an observa- 
tion of sufficient duration to reduce the statistical 
variations in counting rate to about one percent. 
The region of very low energies (momenta 
below 1000 Hp) has not been investigated be- 
cause of the large error due to the absorption in 
the 13 micron pyroxylin window of the Geiger- 
Miiller counter. 

In order to investigate the effects of back 
scattering of electrons near the source, sheets of 
various materials were placed directly behind 
the source. Curves B, C and D (Fig. 1) were 
thus obtained when ;%” of Bakelite, 0.02” of 
copper, and 0.02” of lead, respectively, were 
used as back scattering agents. The spectrum 
obtained with the copper backing appears quite 
similar to that obtained previously under similar 
conditions.* The relatively small scattering from 
the Bakelite sheet shows that the expected 
scattering from the filter paper source mounting 
is negligible. It is interesting that the increase 
in counting rate due to scattering should be most 
pronounced in an intermediate region of mo- 
mentum. This is probably due to absorption 
effects of low energy particles within the scatter- 
ing material. The general effect of back scatter- 
ing seems to be a shift of the maximum on the 
curve towards lower energies. As one would 


expect, the scattering from materials of high . 


atomic number is much more noticeable in the 
high energy regions. The back scattering from 
the lead can be detected almost to the upper 
limit of the spectrum; whereas that from copper 
is negligible above a momentum of 5000 Hp. 








———— 


| ee 








<- 


Id 





ae 








BETA-RAY SPECTRA 133 


The general shape of the observed spectrum 
of phosphorus leads one to suspect two super- 
imposed beta-ray spectra. There appears to be 
a low energy group with an apparent upper 
momentum limit of 3000 Hp. That this group 
of electrons is probably not due to phosphorus 
of the 14.5-day period is borne out by the decay 
curves taken on this sample. Electrons of 
momentum 3250 Hp decayed with a pure half-life 
of 14.5 days with no indication of other activity. 
At a momentum of 1680 Hp subtractions were 
made from this spectrum determined from the 
correct spectrum subsequently obtained (Fig. 2). 
The decay of the remainder showed a half-life 
of 13.0 days which suggests that this part of the 
activity was due to some other radioactive 
material carried along with the 14.5-day phos- 
phorus. A sufficiently long time (2 months) was 
used in these observations to make the discrimi- 
nation between these rather similar half-lives 
possible 

In order to obtain a pure sample of smaller 
scattering power, a sample of red phosphorus 
was bombarded in the cyclotron for 8 hours at a 
current of 0.5 microampere. A small part of the 
activated sample was brushed on thin paper and 
covered with an exceedingly thin layer of 
collodion. The resulting source of pure phos- 
phorus weighed approximately 3 mg per cm’. 
The results for this source are shown in Fig. 2. 
It can be seen that the low energy group of 
electrons previously mentioned is not present. 
No chemistry was performed on this sample. 

The region of the upper limit of the phosphorus 
spectrum is shown in Fig. 3. The experimental 
points can be seen to fluctuate somewhat about 
curve A. Curve B was constructed so that when 
the calculated transmission factor of the spec- 
trometer was passed over it, curve A was 
obtained. Therefore, curve B should represent 
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Fic. 2. Momentum spectrum of phosphorus. 
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Fic. 3. Spectrum of phosphorus near the upper limit. 


the true spectrum of phosphorus near its upper 
limit, except for the absorption in the source. 
An accurate correction for this absorption is 
difficult to make. If one assumes a constant 
energy loss per unit thickness of material, given 
by known energy loss measurements, he can 
reconstruct the original spectrum from the 
observed data. When this is done approximately, 
curve C (Fig. 3) is obtained. It can be seen that 
the final tailing of the spectrum is very small and 
may be due to the discrepancies caused by 
inaccurate corrections. However, the final upper 
limit of the spectrum so obtained is Hp=7210 
+30 gauss cm or E=1.72 Mev. This result is 
in very satisfactory agreement with that found 
by Lyman. 

In order to investigate the effect of intensity 
upon the observed upper momentum limit, a 
source having approximately 1/20 the intensity 
was inserted in the spectrometer. The number 
maximum with this source was approximately 
50 counts per minute, which is about 10 times 
the background counting rate of the counter. 
The observed upper limit with this source was 
7170+60 I/p, which is only slightly lower than 
the value obtained with the stronger source. 
This indicates that an accurate evaluation of the 
end point of any spectrum can be made with a 
relatively weak source. 


SODIUM 


Sodium, bombarded with deuterons, exhibits 
a very strong activity of 14.8 hours half-life, 
due to Na*. The gamma-rays associated with 
this activity have been studied in a cloud 
chamber by Richardson and Kurie.* Their 


§ J. R. Richardson and F. N. D. Kurie, Phys. Rev. 50, 
999 (1936). 
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Fic. 4. Momentum spectrum of sodium. 


findings show the existence of three very strong 
gamma-rays of energies 0.95, 1.93 and 3.08 Mev, 
respectively. The electron spectrum also has 
been investigated by means of the cloud chamber 
by Kurie, Richardson and Paxton.® The result 
for the upper limit of the spectrum was 1.7 Mev, 
which may have been influenced somewhat by 
the presence of the strong 2-Mev gamma-ray. 

A sample of sodium fluoride was bombarded 
in the University of Michigan cyclotron for 8 
hours at an average deuteron current of 0.5 
microampere. A small part of the activated 
target was brushed onto a thin piece of paper, 
and the particles affixed with a thin covering of 
collodion. The weights of sample and backing 
were 3.5 and 7.4 mg per cm’, respectively. The 
spectrum of sodium obtained from this sample 
is shown in Fig. 4. The points are statistically 
accurate to approximately one percent. Al! 
regions of this spectrum were observed to decay 
with a half-life of 14.8 hours. The end point of 
this spectrum is 6150 Hp by inspection, or 1.4 
Mev. This is in disagreement with the result 
previously given,’ probably due to the elimina- 
tion of the effects of Compton electrons ejected 
by gamma-rays. 


COBALT 


Iron bombarded with deuterons gives rise to 
a strong cobalt positron activity of half-life 18 
hours.’ 1! This has been tentatively ascribed to 
Co*, and were this the case it would be necessary 
to assume either a double positron emission, or 
a single positron emission with a corresponding 


® Kurie, Richardson and Paxton, Phys. Rev. 48, 167 
(1935). 
10 Livingood, Fairbrother and Seaborg, Phys. Rev. 51, 


135 (1937). 
4 Darling, Curtis and Cork, Phys. Rev. 51, 1010 (1937). 
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K-electron capture. The possibility of a double 
positron emission can be checked by an investi- 
gation of the energy spectrum of cobalt. Ac- 
cordingly a sample of electrolytically pure iron 
was bombarded by deuterons from the cyclotron 
for 10 hours at an average current of 0.8 micro- 
ampere. This sample was allowed to age for 
nearly 24 hours to remove the shorter activities 
which were originally present. The iron, which 
had been rolled to a thickness of 0.0007’, was 
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Fic. 5. Momentum spectrum of cobalt. 


removed from the target holder and mounted in 
the spectrometer. The resulting spectrum of 
cobalt positrons is shown in Fig. 5, and was 
observed to decay with the expected 18-hour 
half-life. It can be seen that the shape of the 
spectrum suggests more than one continuous 
distribution, but no accurate separation can be 
made from these data. The end-point of the 
observed spectrum is approximately 6500 Hp or 
1.50 Mev. This agrees fairly well with the 
value of 1.6 Mev reported by Curtis, Darling 
and Cork." Because the intensity of this source 
was relatively low (number maximum of 50 per 
minute), the statistical accuracy of the points is 
noticeably poorer than that connected with the 
previous spectra. 

Kurie, Richardson and Paxton have shown‘ 
that the validity of the Fermi theory regarding 
beta-ray emission can be tested by plotting 
(N/f)* against the energy of the particles, where 
N is the observed number of particles emitted 
in a given momentum interval, and f is a func- 
tion, which for light elements can be well 
approximated by: f=n?(2ry/1—e-°*") where 
y=Z(1+7*)!/137n and 7 is the momentum in 
units of mc. This plot should be a straight line 
according to the Fermi theory, with an intercept 
on the energy axis equal to the upper limit of 
the spectrum. Similarly a plot of (N/f)* against 
energy should be a straight line with a similar 
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intercept if the modification of the Fermi theory 
by Konopinski and Uhlenbeck is validated by 
experiment. , 

The Fermi and K-U plots for phosphorus are 
shown in Fig. 6. The experimental points deviate 
from the Fermi theory at low energies. However, 
the upper half of the energy spectrum agrees 
well with the predictions of this theory. The 
K-U plot deviates markedly from a straight 
line in the upper energy regions. Since this part 
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Fic. 6. Fermi and K-U plots for electrons from phosphorus. 


of the spectrum is most accurately known, it 
must be inferred that the K-U theory is not 
satisfactory. The extrapolated upper limit ob- 
tained from the K-U plot is 2.45 Mev, which is 
43 percent too high. Lyman has reported a 
similar discrepancy in his results, but the extra- 
polated limit was only 23 percent too high. This 
was no doubt due to the different shape of 
electron distribution caused by the copper back- 
ing on his source. To check this possibility a 
K-U plot for the spectrum obtained with the 
copper backing (curve C, Fig. 1) was made. 
The extrapolated upper limit was found to be 
2.18 Mev or 26 percent too high. 

The Fermi and K-U plots for sodium are very 
similar in appearance to those of phosphorus. 
These are shown in Fig. 7. Again the Fermi 
theory is well validated by the upper half of the 
spectrum, but more than the predicted number 
of particles are found at the low energy end. 
The extrapolated K-U upper limit is 2.0 Mev 
which also is 43 percent higher than the observed 
upper limit of 1.4 Mev. Fermi and K-U plots 
for the spectrum of cobalt were not made 
because of the probable distortion due to the 
moderately thick source. 





The experimental excess of particles in the low 
energy regions of the Fermi plot can be due to 
several causes. One possibility is the inclusion 
of a finite mass for the neutrino. However it 
has not been found possible to straighten out 
the plot in the low energy regions unless one 
assumes a neutrino mass several times that of 
the electron. Moreover, if this is done the 
experimental points deviate from a straight line 
in the region of the upper end-point. Further- 
more, Lyman” has shown the mass of the 
neutrino to be 0.0+0.2 the mass of the electron. 
Bethe, Hoyle and Peierls” have attempted to 
explain similar discrepancies observed in the 
Fermi plots for the spectra of B”, F*®, N¥, O'% 
and F" by successive subtractions of straight 
lines. They have found that only two or three 
straight lines are necessary to bring about 
agreement with the data. However, this pro- 
cedure has been tried for the spectra of phos- 
phorus and sodium, and it has not been found 
possible to satisfy the experimental data with 
as few as three straight lines. Scattering in the 
source itself might increase the number of 
particles observed at the lower energies. How- 
ever, the sources which have been used are very 
thin and are composed of materials of low 
atomic number. If the magnitude of the scatter- 
ing from the backing of the source is an indication 
of the amount of scattering taking place in the 
source itself, it would seem very unlikely that 
enough scattering could take place to cause the 
observed discrepancy. However, this is a possi- 
bility that should be remembered, and effort 
should be made to further reduce the scattering 
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Fic. 7. Fermi and K-U plots for electrons from sodium. 


2 E. M. Lyman, Phys. Rev. 55, 234 (1939). 
48 Bethe, Hoyle and Peierls, Nature 143, 200 (1939), 
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Fic. 8. Conversion electrons in indium. 


within the source. It is very difficult to make 
thinner sources which are sufficiently intense to 
obtain an accurate spectrum. 


AN INTERNALLY CONVERTED INDIUM 
GAMMA-RAY 

Goldhaber, Hill and Szilard' have observed 
an indium activity which can be produced by 
the bombardment of cadmium with neutrons. 
This activity can also be induced very strongly 
by the bombardment of cadmium with deuterons. 
It probably consists entirely of an internally 
converted gamma-ray. The conversion electrons 
from this gamma-ray have been observed in the 
magnetic spectrometer. The highly converted K 
electrons are emitted with the complete energy 
of the original gamma-ray minus the K shell 
atomic binding energy. The less intensely con- 
verted L electrons are emitted with a higher 
energy due to their smaller atomic binding 
energy. Thus the energy difference between the 
K and L shell conversion electrons should be 
just the difference between the K and L shell 
binding energies within the atom, which can be 
found by x-ray studies. It should also be possible 
to observe the conversion of the M, N, etc., 
electrons. These, however, are not only weak in 


4 Goldhaber, Hill and Szilard, Phys. Rev. 55, 47 (1939). 
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intensity, but are very close in energy to the 
L conversion electrons. With a spectrometer 
resolving power of 1.6 percent, it is not possible 
to separate these groups. 

Cadmium was bombarded with deuterons from 
the cyclotron for 16 hours at a current of 2.2 
microamperes. The target was then dissolved in 
concentrated nitric acid, then subsequently 
diluted and made slightly ammoniacal. About 
1 mg of indium was added as carrier for the 
indium precipitate. This precipitate was laid 
on a small strip of filter paper which served as 
the source mounting. The weight of the source 
was approximately 1 mg per cm’. The spectrum 
of electrons in the region of the gamma-ray 
momentum is shown in Fig. 8. It can be seen 
that there are two distinct groups of electrons 
whose energies are 308 and 332 kv, respectively. 
These undoubtedly correspond to the K and L 
shell conversion electrons of indium. Because 
the external gamma-ray intensity of this sample 
is low compared to the emitted electron intensity, 
the observed electrons are conversion electrons 
with a high conversion coefficient rather than 
photoelectrons. The difference in energy of these 
two electron groups is experimentally 24 kv, and 
the result predicted from x-ray data is 23.6 kv. 
The agreement is as good as can be expected. 
This places the energy of the converted gamma- 
ray at 335.8 kv. Decay curves have been taken 
on this activity and show it to have a half-life 
of 4.5 hours. There is no indication of a con- 
tinuous beta-ray spectrum associated with this 
gamma-ray. The theoretical width of a mono- 
chromatic line spectrum is slightly less than 
that which is observed. However the increase 
in width can be easily attributed to the energy 
loss of electrons due to absorption in the source. 

The author is indebted to Professor J. M. Cork 
and other members of the department for their 
interest and encouragement. This work has been 
made possible through a grant from the Horace 
H. Rackham trust fund. 
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The Differences Between the M; and M, Absorption Edges of Gold in the Pure 
Metal and in a Gold-Copper Alloy 


James W. McGratu 
State University of Iowa, Iowa City, Iowa 
* (Received March 23, 1939) 


The suggestion that the discrepancies between observed and computed energies of the M, 
and M; absorption edges arise because transitions occur from the M, and M, levels to lattice 
levels, the transitions being governed by some selection rule, was investigated. The M, and 
M, edges of gold in the pure state and in a 50 atomic percent copper-gold alloy were photo- 
graphed in a vacuum spectrometer. The change of lattice constant from 4.06A for gold to 3.86A 
for the alloy, which caused the energies of the lattice levels to change, produced shifts toward 
higher energies in Au M; of 2.5 electron volts and in Au M, of 6.8 electron volts. This shows 
that the final levels of these edge transitions are lattice levels. The results give credence to 
the assumption that, upon assigning to the low lattice levels the values of / which they have 
in free atoms, there are preferred atomic to low lattice level transitions which are often given 
by Al= +1. Data of other investigators are cited to support the view that the final levels in 
absorption are lattice levels and that the / selection rule is in evidence. 





INTRODUCTION 


ANY of the five M/ x-ray absorption edges 
of 20 of the heavier elements have been 
measured.'—"! Their energy values may be calcu- 
lated"? if one has at hand measured values of the 
L edges and certain emission lines. However, the 
observed values of the M edges are not, in most 
cases, those calculated. In the M, and M; edges 
discrepancies occur in 14 of the 18 elements 
studied. Six of the 8, edges observed probably 
show small discrepancies while the M2: and M; 
edges yield discrepancies only occasionally. The 
observed energy value of the edge is usually 
greater than the calculated value." 


1H. W. B. Skinner and J. E. Johnston, Proc. Roy. Soc. 
161, 420 (1937). 

2V. H. Sanner, Zeits. f. Physik 94, 523 (1935). 

3J. A. Prins and A. J. Takens, Zeits. f. Physik 84, 65 
(1933). 

4C, A. Whitmer, Phys. Rev. 38, 1164 (1931). 

5 R. V. Zumstein, Phys. Rev. 25, 747 (1925). 

®E. Lindberg, Zeits. f. Physik 54, 632 (1929); 56, 402 
(1929); 57, 797 (1929). 

7R. A. Rogers, Phys. Rev. 30, 747 (1927). 

8A. J. M. Johnson, Phys. Rev. 34, 1106 (1929). 

®*W. D. Phelps, Phys. Rev. 46, 357 (1934). 

10D). Coster, Phys. Rev. 19, 20 (1922). 

1 W, Stenstrém, Dissert. Lund. (1919), 

Calculated values for the edges (i.e., for atomic energy 
levels) are given by M. Siegbahn, Spektroskopie der Rént- 
genstrahlen, pp. 336-337 and 346-351. No uniqueness is 
attached to the use of L edge energies for computation. 
The final levels for the Z edge transitions are simply 
reference levels and the discrepancies noted are the energy 
differences between these levels and the final levels for the 
M edge transitions. 

‘8 For discrepancy magnitudes the following is a brief 
statement: M,, the six discrepancies are between 9 and 


No general statement relating the magnitudes 
of the M discrepancies to physical quantities 
such as atomic number, for example, can now be 
made. Chemical binding*: '* does not appear to 
affect the discrepancies. 

Siegbahn'* and Phelps® have proposed that the 
M discrepancies occur because atomic electrons 
may not all go to the same final level in an 
absorption edge transition. Phelps further sug- 
gested that the final levels are lattice levels. 

In view of the above it seemed important to 
obtain more direct evidence, than had previously 
been given, showing whether or not the M edge 
transitions occur between atomic and lattice 
levels. 

The energies of the lattice levels should change 
if the atomic spacing is changed. If the proposal 
of Phelps were correct, the edges of a metal in 
its pure state and in an alloy of different lattice 
constant should occur at different frequencies ; 
the appearance of such a shift would be an 
indication that the M electrons show preferences 
as to their final levels in edge-giving transitions.'® 
25 electron volts; M; and M3, only four discrepancies are - 
fairly large and they lie between 13 and 20 ev; M, and 


M;, 24 of the discrepancies are between 20 and 50 ev, the 
others being smaller. 

44 E. Lindberg, Zeits. f. Physik 50, 91 (1928). 

16M. Siegbahn, Zeits. f. Physik 67, 567 (1931). 

16 If it were true that an M electron was jumping to 
one of the very lowest levels in a lattice energy zone, and 
if this zone had below it an absolutely forbidden energy 
region wider than the observed shift, then this shift would 
not indicate an electron preference. However, this situa- 
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The photographing of the M, and M; edges of a 
metal were undertaken to test this point. 

The M edges were chosen for investigation 
because: (a) Shifts of a few volts could be more 
easily detected for edges at longer wave-lengths,'” 
(b) It had been well established from fine struc- 
ture data that the final levels in K and L edge 
transitions were lattice levels. This had not been 
shown for M edges. 


THE METHOD 


The alloy to be investigated was chosen after a 
consideration of several factors: (1) At least one 
of the component metals should be of high atomic 
number so that the M edge wave-lengths would 
be short enough to be easily photographed. 
(2) The alloy must be a homogeneous solid 
solution. (3) The lattice of the alloy must be of a 
type as near that of the pure metal, whose edges 
were desired, as possible. (4) The lattice constant 
of the alloy must be significantly different from 
that of the pure metal. (5) To facilitate making 
the metal absorbing screens the vapor pressures 
of the two metals should be of the same order of 
magnitude and the two metals should be able to 
diffuse into each other readily. 

The alloy chosen was a 50 atomic percent each 
copper-gold alloy. This percentage was chosen as 
being a probable optimum for the combination 
of a relatively large expected shift and ease of 
photography. 

A 50 atomic percent copper-gold alloy has a 
face-centered lattice of atomic spacing 3.86A'* as 
compared to that of 4.06A’® for pure gold. The 
ordering temperature of this alloy is about 
430°C and the ordered structure is face-centered 
tetragonal with the longer side 3.95A and the two 
shorter sides 3.66A. 

The shifts expected on the basis of Coster and 
Veldkamp’s” work with the gold L; edge in a 


tion is not often the case so that it seems probable that a 
shift does indicate the above mentioned preference. 
‘17 A shift of 0.01 cm on the photographic plate is about 
the smallest that one may consider significant on this 
apparatus. This corresponds to a shift in energy for the 
Au M;, edge of 1.9 ev and for the Au L; edge of 69 ev. No 
shift, upon alloying, was reported (reference 20) for the 
Au Ls edge. 
18 C, H. Johansson and J. O. Linde, Ann. d. Physik 25, 1 
(1936). 
19 Int. Crit. Tab., Vol. 1, p. 340. 
( 20 = Coster and J. Veldkamp, Zeits. f. Physik 74, 191 
1932). 
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50-50 gold-copper alloy and on the Kronig 
theory, to be discussed later, were about 4 volts. 
It was, therefore, decided to study the M; and M, 
edges as they could be expected to give significant 
results with the apparatus used. 

There is an optimum thickness for an absorber 
to give edge contrast. It can be shown that, if wu; 
and we are the linear absorption coefficients on 
the short and long wave-length sides, respec- 
tively, the maximum value of the ratio of the 
change in intensity at the edge to the incident 
intensity is given when the thickness, ¢, is: 


; loge(u1/u2) 
Mim He 


A similar formula may be derived for the edge of 
a metal in an alloy: 


7 loge[ (ur’ +k) /(u2’ +k) ] 


ba’ — Me’ 





wherein yu,’ and ye’ are the absorption coefficients 
of the edge producing alloyed metal on its short 
and long wave-length sides, respectively, while k 
is the absorption coefficient of the other metal at 
that wave-length. 

The values of the absorption coefficients were 
obtained from Jénsson’s*! formula and tables of 
Jénsson’s values” of the so-called electron ab- 
sorption coefficient. The computed optimum 
thicknesses were: for the gold absorber; M;, 
4.1X10-> cm, M,, 2.6X10-*> cm; for the alloyed 
gold; M;, 4.8X10-> cm, M;, 3.6 10-> cm.” The 
screens used were from 2.5 to 4.5 X 10-5 cm thick. 

The metal absorbing films were made by 
evaporation in a vacuum. The metals were 
evaporated from a trough-shaped molybdenum 
filament. The bases for the films were made of 
blown soft glass which was about 10~ to 10-* cm 
thick. 

The thickness of the evaporated films was 
governed in the following manner. After choosing 


21 A. Jénsson, Dissertation, Upsala, 1928. — 

2 Tables are given in M. Siegbahn, Spektroskopie der 
Réntgenstrahlen, p. 470. 

% C, L. Andrews, Phys. Rev. 54, 994 (1938) has recently 
measured absorption coefficients of gold. From values 
taken from a graph given by him calculated optimum 
thicknesses came out about 30 percent greater. The experi- 
ence of the author in this research indicates Andrew's 
values give a calculated thickness nearer the actual 
optimum. 
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a permanent filament to base distance, known 
amounts of gold were put in the filament and 
evaporated. Upon measuring the weight and area 
of the deposit the thickness was computed. The 
amount of gold to be put in the filament for 
various film thicknesses was then known. This 
was repeated for the gold-copper films. 

To insure that the alloy films were 50 atomic 
percent of both gold and copper a charge of gold 
and copper in equal atomic amounts and of total 
weight to give the required thickness was put in 


TABLE I. Pure and alloyed gold Ms, and M, edges. The 
alloyed gold discrepancies are also calculated on the basis of 
the pure gold L edge energies. Presumably, the L edges of 
gold in a gold-copper alloy would also be shifted, although 
this has not been reported,'"-*°. but in view of the relative mag- 
nitudes of these M discrepancies and the probable smallness 
of the L edge shifts any such L shift could not greatly affect 
these M discrepancies. 








SHIFT 
SHIFT IN IN 

' r Vt AM | ALLoy | ALLoy 
EpGE PLATE A EV EV A EV 


31 5.524 | 2233.2 | 37.5 
51 5.525 | 2232.8 | 37.1 
67 5.520 | 2234.8 | 39.1 
68 5.518 | 2235.6 | 39.9 
Au M, 69 5.521 | 2234.4 | 38.7 

70 5.523 | 2233.6 | 37.9 
Average | 5.522] 2234.1 | 38.4 
Lindberg* | 5.529 | 2231.2 | 35.5 
Johnsont | 5.506 | 2240.9 | 45.2 





41 5.513 | 2237.5 | 41.8)—0.009 
42 5.516 | 2236.4 | 40.7|— .006 
46 5.518 | 2235.6 | 39.9|— .004 
48 5.514 | 2237.2 | 41.5}— .008 


49 5.509 | 2239.3 | 43.6 
Alloyed 50 5.518 | 2234.6 | 39.9 
Au M,; 63 5.519 | 2235.2 | 39.5 
64 5.520 | 2234.8 | 39.1 

65 5.514 | 2237.2 | 41.5 

66 5.513 | 2237.5 | 41.8 
Average | 5.515 | 2236.6 | 40.9 


55 5.320 | 2318.8 | 36.5 
75 5.315 | 2321.0 | 38.7 
76 5.319 | 2319.3 | 37.0 
Au M, 88 5.321 | 2318.4 | 36.1 
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90 5.316 | 2320.6 | 38.3 
Average | 5.318} 2319.6 | 37.3 
Lindberg* | 5.330 | 2314.5 | 32.2 
Johnsont | 5.315 | 2321.0 | 38.7 
77 5.302 | 2326.7 | 44.4;— .016| 7.1 
Alloyed 78 5.305 | 2325.4 | 43.1;— .013; 5.8 
Au M, 80 5.301 | 2327.1 | 44.8|— .017| 7.5 
Average | 5.303 | 2326.4 | 44.1;— .015| 68 


























* Lindberg’s measurement. See reference 6. 

t Johnson's values. See reference 8. Measurements of Johnson's 
photographs by this author give a value for Ms of 5.519A and for Ma 
5.323A. The presence of W(N4—M:2) on his plates made the location of 
M; difficult. 

¢ Calculated values: Ms, 2195.7 volts; Ms, 2282.3 volts. 





the filament each time. All the metal was 
evaporated. 

In order that the evaporated films might 
approximate homogeneity the filament tempera- 
ture was held somewhere near 1450°C where the 
vapor pressures of gold and copper are about 
equal. The molybdenum content of the films was 
negligible because at that temperature the vapor 
pressure of molybdenum is about 10~* that of 
gold or copper. 

The alloy absorption screens were then raised 
to a temperature of about 450°C, in a hydrogen 
atmosphere, and held there for periods from one 
to six hours. They were oven-cooled at the rate of 
about 2.5°C per minute. Such a treatment would 
certainly make the alloys homogeneous and 
probably order them.'*: 4-6 

The self-rectifying tube and vacuum spec- 
trometer used have been described by Zumstein® 
and by Rogers.” Only slight modifications were 
made. Voltages on the tube were about 4100 
volts, currents of 100 to 200 milliamperes were 
used, and exposure times were from 5 to 50 hours, 
depending on whether the photograph was one of 
emission, pure gold absorption, or alloy gold 
absorption. 

The wave-lengths of the edges were determined 
by measuring visually’? with a traveling ‘‘one- 
power microscope”’ the distances between known 
emission lines and the edges on the photo- 
graphs, and then interpolating with a formula 
given by Whitmer.‘ The reference lines were 


Au Ma,(5.612A) and Mo Lea;(5.395A).*8 


RESULTS 


In Table I are given the values of the edges in 
terms of wave-length and energy. The difference 
between the observed energy and calculated 


* G. D. Preston, J. Inst. of Metals 46, 477 (1931). 

*% N.S. Kurnakow and N. W. Ageew, J. Inst. of Metals 
46, 481 (1931). 

% O. Eisenhut and E. Kaupp, Zeits. f. Elektrochemie 37, 
466 (1931). 

27 This method of measuring the edge positions proved 
to be much superior to the use of the microphotometer 
which was probably due to the large photographic grain, 
relatively small edge contrast, and very small variations 
in edge straightness caused by random grain position and 
crystal face flaws. The microphotometer traces which were 
made were in good agreement with visual measurements. 
Another observer made measurements in good accord with 
those of the author. 

28 Reference 12, p. 477. 





140 JAMES W. 


energy” is given as AM. The changes in the 
wave-lengths and energies of the gold M; and M, 
edges upon alloying the gold with the copper is 
given in the last two columns. 


DISCUSSION 


From the experience of others who have 
operated this spectrometer and a consideration of 
possible apparatus and measurement errors it 
was estimated that the measurements are accu- 
rate to within +2.2 volts (+0.005A) for W;, and 
+2.4 volts (+0.006A) for M,. Consideration 
also showed that the measurement of a shift in an 
edge would not be of less accuracy than the 
measurement of the edge alone for many experi- 
mental errors would tend to cancel out. It was 
judged that the shifts obtained—M;, 2.5 volts; 
M;,, 6.8 volts—were statistically and physically 
significant. 

A greater number of alloy gold M, edge 
photographs was not obtained due to the 
inordinate amount of time required tosuccessfully 
photograph it. The J/, shift is not regarded as 
being as definitely demonstrated as the 7; shift 
but as corroborating the /; results. 

Because of the nature of the effect of alloy 
composition on edge contrast and edge shift it 
appears that any inhomogeneity along the 
thickness dimension of the alloy absorber would 
result in an ‘‘average”’ edge giving a smaller shift 
than a homogeneous alloy. So that, for a perfectly 
homogeneous alloy, the /; shift would be some- 
what higher than the 2.5-volt average. This is in 
good agreement with the relevant investigation 
of Coster and Veldkamp” and the shift to be 
expected if the final 1; level is approximately 
“Kronig-like.’’?° 

Other investigators,?’: °-*8 working with K and 
L edges, have obtain:d evidence that, in the 
absorption process, atomic electrons go to lattice 
energy levels. No significant shift, of the nature 
already described, has been reported for these 





29 lattice constant for Au ]? 
[erties constant for “in| 4M.(Au) = 4M, (alloy). 

[4.06/3.86 ? 38 =42 volts. This indicates, roughly, a 4-volt 
shift in the M, edge. ; 

30 J. Veldkamp, Zeits. f. Physik 82, 776 (1933). 

31 PD, Coster and R. Smoluchowski, Physica 2, 1 (1935). 

#2 J. D. Hanawalt, Zeits. f. Physik 70, 293 (1931). 

% J. Veldkamp, Physica 2, 25 (1935). 
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edges. However, there is observed an absorption 
fluctuating with wave-length on the short wave- 
length side of the edge. This absorption fine 
structure extends for several hundred volts from 
the edge. The fine structures of metals having the 
same lattice type have been shown to be similar 
while those from different lattice types are not 
similar. Metals in alloys were found!’: 27-28 to 
have fine structures characteristic of the alloy 
lattice, and the component metals exhibited the 
same edge fine structure, thus showing that the 
fine structures are dependent on the lattice and 
not on the atoms themselves. This effect is 
observed* in the edges of elements in ionic 
crystals except that the fine structures of different 
anions must be compared and likewise those of 
the cations.** 

All of the K and LZ edge data, so far obtained, 
show that for a given lattice type the voltage 
separations of the different maxima and minima 
of absorption from the main edge are inversely 
proportional to the square of the lattice con- 
stant.*® The Kronig theory**—** has had much 
success in describing quantitatively the energy 
separations of these fine structures.” Kronig finds 
that allowed lattice electron energies are not 
restricted except for narrow forbidden zones 
whose energy values are inversely proportional 
to the square of the interplanar distance in the 
direction of electron motion. 

In accord with these data, it has been found by 
Hanawalt* for Kr, Xe, Zn and Hg gases and 
vapors and by Coster and Van der Tuuk® for A 


4G. A. Lindsay, Zeits. f. Physik 71, 735 (1931). 

% That an anion and cation in the same lattice show 
different fine structures is attributed to the fact that the 
two find themselves in different potential fields. 

36 Before this is evident, from the data, a small constant 
characteristic of the element and lattice must be added to 
the voltage separations of the maxima and minima from 
the main edge. This constant takes account of the fact 
that the initial electron level is characteristic of the atom 
and that the voltage separations from some reference level, 
not necessarily the final level for a transition giving the 
main edge, are the quantities which are inversely propor- 
tional to the square of the lattice constant. 

37 R. de L. Kronig, Zeits. f. Physik 70, 317 (1931). 

38 R. de L. Kronig, Zeits. f. Physik 75, 191 (1932). 

39 R. de L. Kronig, Handbuch der Physik 24}, 290 (1933). 

40 Empirically, the fine structures within about 50 volts 
of the main edge are not quite so well described by his 
theory. 

41 J. D. Hanawalt, Phys. Rev. 37, 723 (1931). 

“PD. Coster and J. H. Van der Tuuk, Zeits. f. Physik 
37, 367 (1926). 
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ABSORPTION EDGES OF GOLD 


that their K and L edges show no fine structure 
more than the ionization potential of the atom 
beyond the main edge. 

It appears beyond doubt that the K and L 
edge fine structures for solids are a result of 
electron transitions from atomic to lattice energy 
levels. 

On the basis of the fine structure data it seems 
reasonable, then, to assume that the V/ electrons 
are also going to valence and lattice levels in 
edge transitions. Since the L edges themselves 
are caused by transitions to valence and very 
low lattice levels, and because of the magnitudes 
of the M discrepancies, it appears that usually the 
M2, 3 electrons* are jumping to valence and low 
lattice levels while the J/;, 1/4, and ./; electrons 
are going to higher lattice levels. Computations 
of the energies of the valence and very low 
lattice levels in a metal have been given.*~*® In 
general, it may be said that these energy levels 
depend on the element, lattice type, and atomic 
spacing. Thus, the 7 edges, for which transitions 
occur to these low levels, should depend on these 
factors. Kronig’s theory appears, empirically, to 
apply approximately to the energy region to 
which most MM, and M; edge transitions take 
place; hence, it is useful as a guide. 

The question of whether or not the ordinary 
x-ray selection rules (AJ=+1, Aj=+1,0) are 
holding for atomic to low lattice level transitions 
is of importance. The description of the Kronig 
lattice levels depends in no way on a quantum 
number of the nature of 7 but while it does not 
appear directly in treating the valence and low 
lattice levels they certainly retain some of the 
free atom character which was described in part 
by the 7 quantum number. 

Experimental evidence strongly indicates that 
the / selection rule does express the preferred 
atomic to valence and low lattice level transi- 
tions. There is little indication of a j selection 
rule. Sandstrém*’ found that the energy values 
of the Lz and L; edges for Ta 73 to Au 79 are the 


43 This is apparent since the M discrepancies are all less 
than 50 volts and the main L edges themselves are caused 
by transitions to the valence and low lattice levels. 

44E. Wigner and F. Seitz, Phys. Rev. 43, 804 (1933). 

45 E. Wigner and F. Seitz, Phys. Rev. 46, 509 (1934). 

4° J. C. Slater, Phys. Rev. 45, 794 (1934). 

47 A. Sandstrém, Zeits. f. Physik 65, 632 (1930). 
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same as those for the emission lines O,— Le and 
O,, s;->L; measured by Idei.** For these elements 
the O,,; levels are probably valence levels so 
that this is an indication that the / selection rule 
is giving the preferred transitions. Veldkamp*® 
found that to match the fine structures of the L 
edges from the same metal for Ta, W, Pt, and Au 
the L; edge must be displaced to higher energies 
about 20 volts for Ta and W and about 15 volts 
for Pt and Au. This is definite evidence that the 
final level in the Z; transition is above that for 
the Le,3; transitions. From spectroscopic data 
and a knowledge of outer electron configurations 
in these elements Veldkamp concluded that the / 
selection rule was correctly indicating the 
transitions. The fact that the Le and L; edges of 
Ta and W show sharp line-like absorption he 
interprets as being due to a transition to their 
5d shells.*® The M; edges of Ta* and Os’ have 
also been reported to be line-like. These data 
also indicate preferred transitions. Along this 
same line, the author has taken the difference 
between the JJ, and the (averaged) Moe, ; 
discrepancies for W, Os, Pt, and Au. He finds 
that they, too, are in close agreement with the 
spectroscopically determined 6p and 5d (or 6s for 
Pt and Au) energy differences. 

There is correlation between the M,,; dis- 
crepancies and the first absorption minimum in 
the ZL; fine structure for the elements where 
comparison may be made. The comparisons 
indicate that the final levels to which the M,. ; 
electrons go are not those which are preferred by 
the L; electrons. 

All of these considerations indicate that, upon 
assigning to the lattice valence levels the values 
of 1 which they have in free atoms, there are 
preferred atomic to low lattice level transitions 
which are often given by a change in / of +1. On 
this basis all edges involving the same / quantum 
number should show the same shift. It is not 
known that they do not; because of the small 
number of MM, shifts measured the author is not 
certain that the difference in the observed M, 
and M; shifts is real. 


48S. Idei, Science Reports, Tohoku Imp. Univ., Series I, 
19, No. 5. 

4° The 5d levels of these elements are rather sharp and 
have a high density of states. 
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Since it has been definitely shown in this and 
other investigations that the final levels in 
absorption edge transitions are lattice levels, and 
since the 7 selection rule is evidently giving the 
preferred transitions in many cases, it may be 
concluded that the M discrepancies arise because 
the M and L electrons may not all go the same 
level. One should expect, as has so far often been 
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the case, M,, M4, and M; discrepancies but none 
for the Mz and M; edges.” 

For helpful assistance and counsel I wish to 
express my thanks to the staff of the Department 
of Physics of the State University of Iowa and 
especially to Professor G. W. Stewart who 
suggested the problem and directed the research. 


50 If computations are made on the basis of the observed 
L; edge energy. 
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Three new x-ray lines in the L series of silver were found 
which have wave-lengths of 4.030A, 4.016A, and 3.805A. 
A fourth and much fainter line was found at 4.023A. 
These lines are due to processes in which an atom, initially 
ionized in the K shell, undergoes transitions of the type 


K->LL+ expelled electron (Auger transition) 
LL-LM-+quantum (radiative transition). 


These lines differ from those previously observed from 
multiply ionized atoms in that they are niore widely 


INTRODUCTION 


HIS paper presents the result of a search for 
some faint lines predicted in the L spectrum 
of silver. 

A great deal of effort has been expended in the 
search for nondiagram lines in various atoms in 
an effort to learn more about atomic structure. 
Nondiagram lines were first observed by Siegbahn 
and Stenstrom! while they were studying the K 
series of the elements Na(11) to Zn(30), and have 
been reported by numerous others? a few of 
whom are listed in this paper. 

Multiple ionization of the atom was assumed 
to explain the presence of these lines. Some of 

1 Siegbahn and Stenstrom, Physik. Zeits. 17, 48 (1916); 
17, 318 (1916). 

2G. Wentzel, Ann. d. Physik 66, 437 (1921). D. Coster, 
Phil. Mag. 43, 1070 (1922). A. Larsson and M. Siegbahn, 
Ark. f. Mat. Astron och Fysik, Stockholm 18, 18 (1924). 
G. Wentzel, Zeits. f. Physik 31, 445 (1925). L. A. Turner, 
Phys. Rev. 26, 143 (1925). T. Wetterblad, Zeits. f. Physik 


43, 767 (1927). M. J. Druyvesteyn, Dissertation, Gro- 
ningen (1928). 


separated both from each other and from the diagram 
lines. An x-ray vacuum spectrograph capable of with- 
standing a potential of 100 kv across the x-ray tube was 
used in the observation of these lines. The anode of the 
x-ray tube was a thin foil of silver backed with aluminum. 
Special precautions were necessary to suppress the con- 
tinuous background radiation in the region of the lines 
as the expected intensity of the lines was of the same order 
of magnitude as the intensity of the diagram line arising 
from the transition Ly to Ny. 


the early theories assumed that the atom was 
multiply ionized by a single electron impact 
while others assumed that the multiple ioniza- 
tion was due to successive ionizations by different 
impacting electrons. These theories were mainly 
at fault in that the predicted intensities were not 
in agreement with the experimentally observed 
intensities. Some of the theories attributed the 
lines to single transitions in multiply ionized 
atoms while others attributed them to double 
transitions in multiply ionized atoms. 

Coster and Kronig* have improved the theory 
to account for the intensity of the L satellites by 
assuming an Auger‘ transition from L; 1onization 
to Lm with an accompanying My or My ioniza- 
tion. This leaves the atom doubly ionized, which 
is the initial condition for the production of 
satellites. The number of atoms originally ionized 
in Ly is comparable to the number ionized in Lin 


3D. Coster and R. de L. Kronig, Physica 2, 13 (1935). 
‘P. Auger, J. de phys. et rad. 6, 205 (1925). 
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so the intensities of Zi satellites will be com- 
parable to the intensities of the parent lines. 
This is upheld by experiment. 

Coster and Kronig compared the energy differ- 
ence WL;—WL of any element Z with the 
energy WMiy or WMy of element Z+1 as a 
function of the atomic number. They showed 
that in the region where the La and Lf; satellites 
are absent WL;— WLy is smaller than WMyy or 
WMy. Thus they conclude that these satellites 
must be almost exclusively due to the Auger 
effect. 

While studying information concerning the 
production of satellites, D. L. Webster observed 
that there should be another set of faint lines 
much farther from the diagram lines than those 
previously found. The double ionization in the L 
shell may be produced in a different way. An 
atom ionized in the K shell, filling the vacancy 
from the L shell, may either emit a photon corre- 
sponding to one of the Ka lines or it may, by an 
Auger rearrangement, emit a photoelectron from 
the L shell, thereby leaving the atom with a 
double ionization in the L shell. Secondary 
photoelectrons have been found with energies 
equal to the difference between the energy of the 
Ka, line and the energy of an L limit; therefore 
such photoelectrons must leave double L ioniza- 
tions. These atoms are in the proper state to 
emit these new faint lines. 

To get double ionization in the L shell by this 
method, the atom must first be ionized in the K 
shell. These faint lines, due to double L ioniza- 
tion, should appear only when the energy of the 
electrons in the cathode stream is in excess of 
the K excitation energy of the atom in question. 


THEORY 


The theory given here is used to estimate the 
probable intensity of these faint lines and to 
calculate the locations of these lines with suffi- 
cient accuracy to allow intelligent search for them. 

The ratio of the intensity to be expected of 
these satellites to the intensity of the line result- 
ing from an analogous transition in a singly 
ionized atom will depend upon: (1) the ratio of 
the number of Auger transitions in which an L 
electron is emitted to the number of K ioniza- 
tions ; (2) the ratio of the number of K ionizations 
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to the number of L ionizations which may result 
in the normal line. Without rigorous calculation 
Wentzel® has shown that the lifetime of the K 
state, with respect to an Auger transition in 
which an L electron is emitted, is of the order of 
10-!* second. The effective lifetime for radiation 
of x-rays of 0.56A (the wave-length of Ag K) is 
2.6X10-'* second. For silver, therefore, about 
one-fourth of the K series quanta result in the 
Auger emission of an L electron. This agrees 
with the work of Balderston® who has made 
measurements of the fluorescence yield from 
radiators of Fe(26), Ni(28), Cu(29), Zn(30), 
Mo(42), and Ag(47). His value for the fluores- 
cence yield of Ag(47) is 0.75. 

To obtain a rough estimate of the ratio of the 
number of K ionizations to the number of L 
ionizations which may result in the normal line 
we may use the ionization function of Rosseland.’ 
This function gives the number of ionizations in 
shells having an ionization energy E, per unit 
path length of a 8-ray moving at uniform speed 
through the target material. 


®(E, Eq, mg) =(nge*/E)(1/E—1/E,). 


E is the energy of the impacting #-ray, E, is 
the energy required to remove an electron from 
the shell ionized, m, is the number of electrons 
per unit volume having a binding energy E,, 
e is the electronic charge. By use of this function, 
the ratio of the numbers of ionizations in the K 
and the Lin shells is found to be 0.012 for elec- 
trons impinging at 40 kv. 

Combining these two results, we should expect 
the sum of the intensities of the lines resulting 
from transitions into doubly ionized Ly shells 
to be 0.3 percent of the intensity of the normal 
L lines. This is about the same as the intensity 
of the diagram line arising from the transition 
Lim to Nj. 

All wave-length calculations will be applied to 
the transition double Zin ionization to Lm and 
My ionization. The results of the calculations 
applied to other transitions will be given later 
in a table. Four different methods of estimating 
the wave-length of the line due to the above 
transition will be outlined in this section. 

5G. Wentzel, Zeits. f. Physik 43, 524 (1927). 


* M. Balderston, Phys. Rev. 27, 696 (1923). 
7S. Rosseland, Phil. Mag. 45, 65 (1923). 
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These lines should be singlets and triplets as 
they arise from a transition into a doubly ionized 
shell. The normal LZ diagram lines arise from a 
transition into a singly ionized shell and there- 
fore are doublets. 

The calculations to follow are only rough 
approximations as the coupling between the 
electrons will not be considered. 

For the first method we use as an approxima- 
tion to the energy of the initial state twice the 
ionization energy of an Ly1y electron plus the 
energy Wy needed to extract an electron from a 
hydrogen atom starting from a distance 7 equal 
to the radius of the Lyn shell of the atom in 
question. An approximation to the energy of the 
final state is the extraction energy of an Lyii1 
electron of the atom in question plus the extrac- 
tion energy of an My electron of the element 
whose atomic number is greater by one than 
that of the atom in question. 

Combining, we have an expression for the 
energy of the line, for silver, 


Waghin + Wu— Weamy. 


Substituting numerical values in the equation 
and changing energies to angstrom units we get 
a wave-length of 3.94A. 

A second way to estimate the position of the 
line is to extract the second Lin electron in two 
steps. First move it as far as the My shell. 
For Ag the energy required for this is equal to 
the energy of AgZa;, plus some fraction of the dif- 
ference between this energy and that of CdLa;. 
This fraction is the average of the screening 
factor of one L electron on another in the same 
shell, 0.35, and the screening factor of an L 
electron on an electron in the next shell farther 
out, 1.0. This average is 0.675. Now take the 
electron the rest of the way out of the atom. 
The energy required to do this is just a little 
less than the energy of the My limit of In(49) 
and will be called (Winuy)*. After the transition, 
the energy of the atom is equal to Wagiin 
+Wceamy. The energy of the satellite is then 
given by the expression, 


Wagt+0.675(Weat— Wagt)+(Winmy)* — Weamy. 


By substitution of numerical values in this ex- 
pression, the energy of the line is found to be 
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3.14 kilovolt-electrons which corresponds to 
3.94A wave-length. 

The third line of attack also starts by extract- 
ing one Lin electron whose extraction energy is 
given by the normal Lin limit. For the second 
Lin electron, the energy required to extract it 
will be assumed to be greater than that required 
for the previous one by an amount equal to 0.675 
of the difference in energy between CdZin and 
Aglin. The energy of the line is 


Waglin+0.675( Wear —_ Wastin) — Weamy. 


By substitution of the numerical values in this 
expression we have 3.11 kv or 3.98A for the wave- 
length of the line. 

The fourth method is to use Slater’s* screening 
constants throughout to calculate the energy 
difference between the two states of the atom. 
By this method the difference between these two 
energies is 3240 electron volts, which corre- 
sponds to 3.81A. 


APPARATUS 


The apparatus does not differ from the con- 
ventional vacuum spectrograph except in two 
respects. The x-ray tube should be able to 
withstand a potential of 100 kv and should have 
a special anode which will be described presently. 

The difficulties encountered in recording these 
faint lines on a photographic film are not due 
solely to their low intensity, as this could be 
overcome by a longer exposure time, but are 
also due to the masking effect of the background. 
The high voltage necessary for the production 
of the new lines increases the continuous back- 
ground over that produced by the low voltage 
usually used to photograph this wave-length. 
It does this in two ways: first, the intensity of 
the continuous radiation in the vicinity of the 
lines is increased ;. and second, the continuous 
radiation of shorter wave-lengths is greatly in- 
creased. This radiation increases the background 
in the vicinity of the lines by higher order re- 
flection from the crystal. The intensities to be 
expected of the lines would not be sufficient to 
make them observable above the background of 
continuous radiation from a thick target, but 
with proper care taken to suppress the back- 
ground the lines become evident. 


8 J. C. Slater, Phys. Rev. 36, 57 (1930). 
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As the voltages used in this research are from 
6 to 30 times the voltage necessary to produce 
4A radiation, there might be from 6 to 30 higher 
orders present and it was found that with ordi- 
nary solid targets the film was completely 
blackened long before any new line was visible 
at all. 

A thin target was used as a means of sup- 
pressing the continuous radiation. 

Consider the target as divided in two parts: 
a thin surface layer of thickness sufficient to 
practically absorb 4A x-rays, and the remainder 
of the target. Then all the rays we are interested 
in must necessarily come from the surface layer ; 
the remainder of the target contributes nothing. 
Moreover, this backing is actually a detriment, 
for the cathode rays after passing through the 
front layer have sufficient energy to produce 
continuous rays of shorter wave-lengths, which 
penetrate the surface layer and produce high 
order continuous background. Also, some of the 
cathode rays that enter the back section of the 
target get turned around (rediffuse) and _ re- 
traverse the front layer, where they may produce 
continuous quanta but are not likely to produce 
the desired ionizations, because by the time they 
have rediffused most of them have lost too much 
energy. 

Thus, for the some number of cathode rays, 
the thin layer alone is much more effective for 
our purpose than the whole target and we would 
be tempted to try an unbacked thin target. 
But there are enormous difficulties in getting rid 
of the heat generated and the result is that un- 
backed targets have to be run on very small 
powers. The correspondingly enormous exposure 
times needed for faint lines render unbacked 
targets impractical for our purposes. 

The next best thing is to use a thin target 
backed with some material that will remove the 
heat but will give the least possible continuous 
radiation and rediffusion. Both these are in- 
creasing functions of the atomic number, so we 

TABLE I. Calculated wave-lengths. 


METHOD OF CALCULATION 
TRANSITION 1 2 3 4 AVERAGI 
D2 —LinMy 3.944 3.944 3.984 3.81A 3.918A 
L,, —LuMy | 3.94A 3.75A 3.82A 3.814 | 3.830A 
Ty ell a 3.83A 3.40A 3.574 3.27A | 3.4174 
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Fic. 1. X-ray spectrograms showing the new lines. A, 
80 kv, 2.5 ma, 10 hours exposure. B, 20 kv, 10 ma, 2.5 
hours exposure. C, 80 kv, 5 ma, 10 hours exposure. D, 80 
kv, 5 ma, 10 hours exposure. E, 20 kv, 10 ma, 5 hours 
exposure. 


choose the element of the lowest atomic number 
contingent on its also having good heat con- 
ductivity and reasonable mechanical properties. 
Aluminum seems best. 

Silver was chosen as the target material for 
several reasons. Silver is easy to get in a thin 
film by evaporation in a vacuum. Further, 
extensive measurements have been made on the 
spectrum of silver with respect to the fluorescence 
efficiency and the relative intensities of the lines 
in its spectrum. The lines that we are looking 
for would fall in the range where we could use a 
calcite crystal. 

Provision must also be made to exclude visible 
radiation from the photographic film. 

A cassette was used which would allow four 
pictures to be taken at one loading so there would 
not be any differences introduced in the pictures 
in the developing process. 


RESULTS 


Three new lines were found to be present on 
the films taken above the K excitation potential 
and were not present on the films when the tube 
was run at lower potentials. On measurement, 
the wave-lengths were found to be 4.030A, 
4.016A and 3.805A. 

The films from which 
were taken are shown in Fig. 1. 


these measurements 


The spectrum shown in Fig. 1A was taken at 
80 kv, 2.5 ma with 10 hours exposure. Fig. 1B 





146 R. D. RICILETMYER 


was taken at 20 kv, 10 ma, with 2.5 hours 
exposure. The faint lines are clearly visible in A 
but not in B. 

Figure 1C shows an exposure at 80 kv, 5 ma, 
10 hours which is double the previous exposure. 
The lines are more in evidence. 

The spectrum shown in Fig. 1D was taken at 
80 kv, 5 ma, 10 hours and Fig. 1E at 20 kv, 10 ma 
and 5 hours exposure. A faint line is present in D 
at the point marked with the arrow but is 
absent in E, 

These measured wave-lengths are to be com- 
pared with the various estimated wave-lengths 
which are given in Table I. 

The agreement is as good as can be expected 
when one considers the approximations made in 
estimating the wave-lengths. 

A subsequent paper by Richtmyer® shows that 
the transitions indicated above should be 


LyLin(2)>Lin Mv, v 
Lulin(2)-LuMiv, v 
L*in(2) Lin Miy, v. 


A faint line was noticed between the two 
lines 4.030A and 4.016A but was not reported in 
the author’s Ph.D. thesis because it was so faint 


®R,. D. Richtmyer, Phys. Rev. 56, 146 (1939). 


and because of the desire to be certain of those 
lines reported. This line, however, seems to 
receive some verification in the calculations by 
Richtmyer. 

Further evidence that the mechanism of pro- 
duction of these lines is understood comes from 
the intensities. These were determined by calcu- 
lation from two quantities. One of these was the 
ratio of the intensities of the new faint lines which 
were calculated by the method given in the 
section on the theory of the intensities of these 
faint lines. The other quantity used was the 
length of time known experimentally to give a 
satisfactory density of the diagram lines on the 
film. It can be seen from the prints of the films, 
which were exposed for the calculated duration 
of time, that the new lines are clearly evident. 
Therefore the observed intensities are in rough 
agreement with the calculated values. 

Finally the fact that these lines appear only 
above the K excitation potential shows that they 
must involve a K ionization as was assumed. 
On the other hand all previous L satellites have 
appeared at voltages only slightly in excess of 
the Z ionization potential. 

It is therefore concluded that the lines found 
were due to a double ionization in the atom 
caused by an Auger transition. 
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The quantum theory is applied to the calculation of the x-ray line structure to be expected 
from transitions, between doubly-ionized states, of type LL to LM (we indicate missing 
electrons). Energy levels and wave-lengths are calculated for the silver atom according to 
usual ideas of atomic structure. For the calculation of the relative intensities it is assumed 
that the excitations of the initial (LL) levels arise from internal conversion of K excitation 
energy. The predicted structure agrees quite satisfactorily with the structure observed by 
C. J. Burbank and described in the preceding paper. 


I. INTRODUCTION 


HE preceding paper! by Burbank describes 
some faint lines in the x-ray spectrum of 
silver and shows that they are due to processes 


in which an atom, initially ionized in the K shell, 
undergoes transitions of the type 
K-—LL-+ expelled electron 
(Auger transition), (1) 


LL—>LM-+quantum (radiative transition). (2) 
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Here ‘““LL’’ means any one of the energy levels 
(as we shall see, there are ten of them) which 
result from the removal of two L electrons from 
the normal configuration. ““LM”’ has a similar 
meaning. 

Since the observed lines are more clearly 
separated, both from each other and from 
“diagram” lines, than is the case with the 
ordinary “‘satellite’’ lines, it seems in order to 
investigate the line structure predicted theoreti- 
cally for the processes mentioned above. A step 
in this direction has been made by deLaunay,? 
who has calculated the separations of the initial 
(LL) levels using hydrogen-like wave functions, 
and has shown that these separations are quali- 
tatively right to explain the observed line 
structure. 

The present paper describes calculations of the 
wave-lengths and intensities of the lines resulting 
from (2). The observed lines are accounted for 
satisfactorily and also many other lines which 
are too faint to observe. We carry out the 
calculations for Ag (47), but notice in passing 
that it will be easy to extend the calculations to 
neighboring elements for comparison with further 
experimental work now being done at Stanford 
by Kirkpatrick and Veith. 

Satellite line structures have been calculated 
by Wolfe,? by Kennard and Ramberg,‘ and by 
Richtmyer and Ramberg,’ and we follow the 
methods of these authors in many parts of our 
work. 


II. ENERGY LEVELS OF DouBLY-IONIZED 
SILVER ATOMS 


The zero-order wave functions are determi- 
nants of one-electron central-field functions, and 
the zero-order states of the system are specified 
by giving the sets of one-electron quantum 
numbers nljm (nlj have here their usual signifi- 
cance; m is the z component of j) of all the 
functions appearing in the determinant, or 
alternatively by giving the sets of quantum 
numbers of functions missing (holes) from the 
normal configuration. One can find the total 

2 J. deLaunay, Ph.D. Dissertation, Stanford (1939). 

3C. Wolfe, Phys. Rev. 43, 221 (1933). 


4E. H. Kennard and E. G. Ramberg, Phys. Rev. 46, 


1035 and 1040 (1934). 
5 F, K. Richtmyer and E. G. Ramberg, Phys. Rev. 51, 
925 (1937). 
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energy of an atom with a certain number of 
holes in otherwise closed shells as follows :® 


(A) Take (kinetic energies of all electrons of 
normal atom+nuclear potential energies of 
same+electrostatic energies of all pairs of 


same) ; 

(B) for each hole subtract (kinetic energy 
+nuclear potential energy+electrostatic 
interaction with all electrons of normal 
atom) ; 


(C) for each hole subtract (spin-orbit energy) ; 
(D) add (electrostatic energies of all pairs 
of holes). (3) 


To make this precise we must understand 
“electron” to mean “‘one-electron wave function” 
and understand ‘electrostatic interaction” to 
include what is ordinarily called “exchange 
energy.’’ Note that spin-orbit energy does not 
appear in (A) since the total spin orbit energy 
of each closed subshell is zero. In our zero-order 
representation (A), (B) and (C) are diagonal 
matrices (except for elements connecting differ- 
ent configurations—and these we ignore). The 
contribution to (B) of a hole with quantum 
numbers nljm depends only on m and / and will 
be called B(nl). The spin-orbit energy of an 
electron with quantum numbers nljm is of the 
form 


spin-orbit energy = 3/¢(n/) if j=/+4 
—3(1+1)¢(ml) if j=1—}. (4) 


If there is only one hole, (D) vanishes, and 
(B) and (C) reduce to single terms. Therefore, 
taking (A)=0, the quantities B(nl) and ¢(nl) 
can be determined from the known values of the 
single-ionization energy levels. This procedure 
was adopted, and the results are given in Table 
II. This tacitly assumes that (A) is really a 
constant, and therefore has the same value for 
all states of the system, and similarly that each 
B(nl) depends only on the ni values of one hole. 
A more accurate calculation would take account 
of the fact that the removal of an inner electron 
alters the effective central field in which all the 
rest of the electrons move, and therefore causes 
their wave functions to be slightly distorted, 


®See E. U. Condon and G. H. Shortley, Theory of 
Atomic Spectra (Camb. Univ. Press, 1935), Chapter VI. 
This book will be referred to as TAS. 
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and that the various energy expressions in (A) 
and the (B) really should be calculated with the 
distorted wave functions. The details of the 
distortion would vary from one configuration to 
another, and especially from a singly to a doubly 
ionized one. This source of error was eliminated 
in calculations on the Ka satellites of Na (11) by 
Kennard and Ramberg‘ who by using a modifi- 
cation of the Fock equations, actually calculated 
the self-consistent field and wave functions, for 
each configuration separately. Such a procedure 
is very laborious, and would be prohibitively 
difficult for an atom as heavy as Ag (47), but 
from the work of these authors on Na and other 
elements up to Cu (29) it appears that the 
magnitude of this effect decreases with increasing 
atomic number and would probably be negligible 
for Ag. 

The electrostatic energy matrix (part (D) of 
expression (3)) was calculated by standard 
methods*® with Slater’s analytic atomic wave 
functions.’ 

The radial part of each one-electron wave func- 
tion is a sum of terms of the form Ar? exp (—ar), 
where r is the radial coordinate, p is an integer, 
and the constants A and a can be obtained for 
any atom from Slater’s paper. The resulting 
wave functions are very good approximations to 
Hartree’s self-consistent-field wave functions. In 
calculating the screening and exchange integrals 
occurring in the electrostatic energy, we are led 


TABLE I, Energy parameters in atomic units. 











nl B(nl) ¢(nl) F°(2s2s) =5.99 G'(2s2p) =3.82 

1s 940.4 0 F%(2s2p) =6.78 G?(2p2p) =3.52 
2s 141.3 0 F%(2p2p) =7.32 G'(2s3p) =0.20 
3s 27.2 0 F*(2p2p) =3.52 G(2s3s) =0.42 
2p 126.3 4.20 | F%2s3p) =4.53 G2(2s3d) =0.71 
3p 22.6 0.77 | F®(2s3s) =3.20 G(2p3p) =0.25 
3d 14.5 0.08 | F%(2s3d) =3.35 G*(2p3p) =0.28 





F(2p3p) = 3.09 
F*(2p3p) =0.69 
F(2p3s) =3.04 
F°(2p3d) =3.30 
F*(2p3d) =0.86 


G1(2p3s) =0.28 
G\(2p3d) =0.71 
G3(2p3d) =0.41 








The F's and G's are the usual screening and exchange integrals: 


F*(a, b) =R*(ab, ab); 


G*(a, b) =R*(ab, ba), 





where in general 


1 f rirz)* 
R*(ab, cd) = t i ee eee. Rede eanaeein 


(greater of rir2)*+ 





in which Rg(r) is the normalized radial part of the wave function with 
quantum numbers gq. 


7J. C. Slater, Phys. Rev. 42, 33 (1932). 
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to integrals like the one on the left-hand side of 
Eq. (5) below. Any such integral can be evaluated 
by elementary methods, but there is considerable 
labor involved, and we have over six hundred 
of them to evaluate! To simplify the procedure 
we set 


x a) I ,9,% 
f yew f Pe ,. q y (5) 
0 v (a+B)Pt et? 





where x=(a+8)/a and p and g are integers. 
The functions [(p,g,x) can be very quickly 
calculated from the recursion formula 


I(p, q, x)= (pI(b—1, 9, x) +(b+9)!}x (6) 


and from I(p, g, x)=q!x; and were plotted for 
convenience on large size logarithmic graph 
paper. 

The result of the work so far is contained in 
Table I, from which the energy matrix can be 
calculated (in our zero-order representation) for 
each of the configurations 

2s*, 2s2p, 2s3s, 2s3p, 2s3d. 
The diagonalization of each of these matrices 
leads to a secular equation whose solutions are 
the atomic energies. Because of symmetry prop- 
erties the secular equation reduces to linear and 
quadratic equations in all the configurations 
except 2p3p and 23d. Here equations of the 
third and fourth degrees are met; but it turns 
out that in our case these equations can be 
further reduced for the following reason. We 
have, for these configurations, two spin-orbit 
parameters and several electrostatic parameters. 
If both spin-orbit parameters were large com- 
pared to all the electrostatic parameters we 
would have a case of true jj coupling and by the 
usual approximation for this type of coupling 
the secular equations could be completely re- 
duced to linear equations. Actually one of the 
spin-orbit parameters (the one for the 2 elec- 
tron) is large compared to all the electrostatic 
parameters and the other is not. This means 
that to a good approximation the secular equa- 
tion can be partially further reduced, with the 
result that at worst quadratic equations have 
to be solved. That this is a very good approxi- 
mation can be seen from the resulting energy 
levels, which, for each of these configurations, 
are separated into two compact groups, according 
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to the two possible j values of the 2 electron. 
This reduction of the secular equation would 
not take place in a representation in which the 
one-electron wave functions are characterized 
by quantum numbers ulm, instead of nljm. 
The energy levels are given in Table II and 
are seen to exhibit approximate jj coupling 
throughout. 


III. ExciTATION PROBABILITIES AND 
LINE INTENSITIES 


For the calculations of this section we assumed 
jj coupling and hydrogen-like wave functions, 
since the intensities need to be known only 
roughly. 

Consider a transition from level A to level B. 
If the initial level A is degenerate (for example 
due to various possible orientations of the total 
angular momentum) we assume that the average 
number of atoms of the target which at any time 
are in a given state is the same for all the states 
a, a’, a’, --+- belonging to level A, and call this 
number N(a). Then the intensity of the line is 


I(A, B) « N(a)v4S(A, B). (7) 


vy is the frequency and S(A,B) is the line 
strength. The factor »* will be treated as a 
constant. If we neglect multipole and higher 
order radiations, S(A, B) is equal to the squared 
matrix element of the electric dipole moment, 
summed over all transitions of type a—b which 
contribute to the line A—B. These strengths 
were calculated by standard methods and by 
formulas found in TAS.$ 

The population N(a) depends not only on the 
probability per sec. of exciting state a by 
mechanism (1), but also on the total probability 
per sec. of de-exciting this state by various 
radiative and Auger transitions. We make no 
attempt to compute this second probability, but 
simply assume that it is the same for all initial 
states that we have to deal with. Because of the 
“f sum rule’’ this amounts to assuming that the 
fluorescence yield is the same for all levels of 
the type LZ. Such an assumption would of 
course be bad if accurate results were required. 
The calculation of the first probability mentioned 
above requires a slight extension of the theory 


5 Reference 6, pp. 133, 245 and 264. 
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TABLE II. Energy levels and excitation probabilities. 




















EXCITATION 
ENERGY | PROB. ARBI- 

LEVEL AT. UNITS] TRARY UNITS LEVEL ENERGY 
2s? + 4% 0} 288.6 18.23 2p3p 4 0} 157.22 
2s2p 4 41) 278.5 21.18 1} 156.71 
+ $0] 277.3 0.522 + 13 2) 155.79 
4 14 1| 272.4 26.34 14 1) 155.75 
+ 14 2] 271.0 0.522 14 4 2} 150.65 
2p> 4 #430) 2684 15.77 13 1} 150.61 
4 13 2] 261.9 37.90 14 14 0} 149.94 
+ 13 1] 261.3 0 14 14 2) 149.63 
13 14 0} 256.34 31.55 14 14 3) 149.27 
13 14 2] 255.28 18.95 14 14 1] 149,27 
2s3s 4% 4 0] 172.12 2p3d 4 14 1] 148.48 
4% 21] 171.28 4 t4 2] 148.16 
2s3p 4 41) 169.18 24 3} 148.19 
4 0} 169.13 24 2) 148.14 
+ 14 1] 168.06 14 14 3] 142.19 
4 14 2| 167.98 14 14 1] 142.14 
2s3d 4 14 2)| 159.31 13 14 0} 142.12 
+ 13 1] 159.11 13 14 2) 141.97 
2s3d 4 24 2) 158.99 14 24 1] 142.05 
23 3| 158.91 14 24 3] 141.85 
2p3s + 1| 160.71 1} 24 2| 141.75 
$ 3 0} 160.65 14 23 4] 141.66 

13 1} 154.47 

13 3 2) 154.35 























of the Auger effect, and this is given in detail 
below. 

The probability per unit time of Auger 
transitions of type (1) has been calculated by 
Burhop® for Ag, but unfortunately we cannot 
use his results, since his method of calculation 
gives only the total probability of exciting a 
given configuration whereas we need the relative 
probabilities of exciting the various individual 
energy levels. 

Let Q be the total electrostatic energy oper- 
ator; let A stand for any one of the possible 
initial states of the system (in our case there are 
two such states—a K electron is missing and 
there are two possible directions for the resultant 
angular momentum of the atom); and let B 
and C represent possible final states of the 
system-doubly ionized atom plus expelled elec- 
tron. We assume that initially the atom is 
equally likely to be in any one of the states A. 
The probabilities per unit time of various Auger 
transitions are proportional to the absolute 
squares of the corresponding matrix elements of 
Q, so we consider the matrix product 


2 (B|Q|4)(4 |QC), (10) 


*E. H. S. Burhop, Proc. Roy. Soc. A148, 272 (1935). 
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whose diagonal elements (C= B) give the various 
excitation probabilities we are interested in. To 
describe the states B and C more specifically, 
we assume that in B the atom is in energy level 
8 with z component of angular momentum equal 
to M, and that the expelled electron has quantum 
numbers kim,m;. Similarly in C the atom is in 
energy level y with z component of angular 
momentum JM and the expelled electron has 
quantum numbers k’im,m. k and k’ are given 
by conservation of energy: 


h?k? /2m=energy of state A —energy of state 8, 
h?k’?/2m=energy of state A —energy of state y; 


but we shall assume that if 8 and y belong to 
the same configuration we can set k’=k. This is 
justified because the matrix elements involved 
depend only slowly on k. We will need quantity 
(10) summed for all M//m,m), but it is convenient 
to defer the summation over / until later and to 
define 


(8\P:\y)= SX (BMkimm,|Q|A) 


AMmgm} 


x(A|Q|yMklmm,). (11) 


If the dependence on 6 and y is ignored for the 
moment, the right-hand side of (11) is simply the 
trace of the product of part of the matrix of Q 
by its adjoint. From the invariance of the trace 
it follows that for any unitary transformation of 
Q which does not mix up various configurations 
with each other, the transformation properties 
of the quantity (11) are exactly of the sort 
indicated by the notation on the left. We will 
find it convenient to transform to the zero-order 
representation of the atomic states, calculate 
the elements of @; in this representation, and 
then to transform back again to the representa- 
tion in which the atomic energy is diagonal. 
In the zero-order scheme let a@,° stand for 
n,°l,;°ms;°mu°, the quantum numbers of one of 
the holes in the LZ shell, a2° for those of the other, 
a; for the quantum numbers of the expelled 
electron, and ad» for those of the initial hole in 
the K shell. Here we adopt the convention that 
quantum numbers with superscript degree signs 


refer to holes. Then 
(a;°a2° \P; |a°a2”) 


- x 


MsMIZMsOMI1O 


X (ao|Q)ai°’a2°"as). (12) 


(a1°a2*as| Q| ao") 


Lastly, from the general relation between con- 
figurations involving holes and configurations 
involving the corresponding electrons, 


(a1°a2°as|Q\a0°) = +(aods}Q\aia2). (13) 


The ambiguity of sign comes from the trouble- 
some fact that the sign of an antisymmetric 
wave function (determinant) depends on the 
order in which the quantum numbers are speci- 
fied, so that quantities calculated with the two- 
hole wave function may differ in sign from those 
calculated with the two-electron wave function. 
Rules for determining the sign can be obtained 
from TAS,’ and inspection of these rules shows 
that the + sign can be ignored in all that 
follows. Matrix elements (13) can be expressed 
in terms of the general radial integral R* (see 
Table I), so that in principle we can now evaluate 
the matrix (12). We can save ourselves much 
work by making one further transformation: 
viz. to that representation in which a; and az are 
combined according to Russell-Saunders coupling 
to give quantum numbers SLJM, a,’ and ay’ are 
combined to give S’L’J’M’ and ao and az; are 
combined to give S”’L’’J’"M". (The energy is 
of course not diagonal in this representation.) 
Then we have 


(SLIM |@;|.S'L'J'M’) 
= (S’L'J'’M’'|Q|S’L"J"M") 


S°°L’'J''*M’’ 


X(S"L"I"M"|Q|SLIM). (14) 


As is well known, Q commutes with the dynami- 
cal variables S, L, J, M, and it follows that @, 
does also. Therefore @, is diagonal in this 
representation. Furthermore (see TAS") accord- 
to a general theorem, since ®; commutes with 
the angular momentum J it is not only diagonal 
but also independent of M, as of course it must 


be physically since our initial conditions were 


10 Reference 6, p. 173. 
1! Reference 6, p. 49. 
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isotropic. It follows that we can determine the 
matrix (14) completely by use of the diagonal- 
sum rule and the diagonal elements of (12), by 
a method similar to that for determining 
Russell-Saunders energy levels in Slater’s theory 
of complex spectra. Finally we transform (14) 
to the jj coupling representation (in which for 
our case the atomic energy is approximately 
diagonal) by means of the _ transformation 
matrices given in TAS." The resulting excitation 
probabilities are given in Table II. 

The radial integrals R* occurring in the 
matrix elements of Q were computed with the 
aid of the integral representation of the wave 
function for the expelled electron. 


IV. Line WIpTHsS 


Lastly, before we can predict the structure of 
the spectrum we must estimate the widths of 
the lines. This is important because there are 
several cases of several lines very close together, 
and if their separations are smaller than the line 
width, their intensities must be added, whereas 


TABLE III. Jntensities in arbitrary units. 
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TABLE IV. Line energies in atomic units. 
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otherwise they would count as separate lines. 
Our estimate of the width is very rough indeed, 
but probably sufficiently accurate for our pur- 
poses (compare reference 5). We observe that 
in the jj coupling limit the. two holes in the 
electron distribution act more or less independ- 
ently of each other, and also that in ordinary 
x-ray spectra a hole in the M shell has a very 
long life compared to a hole in the ZL shell. 
Then, since the widths of the initial and final 
levels add to give the width of the line, we 
conclude that a line of type LL—LM will be 
about three times as wide as a line of type 
L-—M, or that it will have a width of about 
0.3 atomic energy units for Ag (47). 


V. COMPARISON WITH EXPERIMENT 


Tables IV and III give the predicted energies 
(or frequencies), in atomic units, and the relative 
intensities, respectively, of all the lines allowed 
in jj coupling. The groups of strong lines which 
are bracketed and numbered fall together not 
by pure accident but because of the extreme 
smallness of some of the coupling parameters. 
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Fic. 1. Comparison of theoretical and experimental posi- 
tions and intensities of the lines. When two of the pre- 
dicted lines coincide in position, the intensity of the 
stronger has been indicated by the height up to the short 
line and the intensity of the other by the distance from 
the cross piece up to the top of the line drawn. 


Since in each case the spread of the group is 
smaller than the estimated line width, we have 
added the intensities within each group and 
plotted the result as a single line in Fig. 1A. 
Fig. 1B shows Burbank’s observed lines; here 
the relative intensities are not to be taken too 
seriously, but the order of intensities of }, c, d are 
correctly shown. Line d was noticed by Burbank, 
was not reported in his Ph.D. thesis because of 
its extreme faintness, but is mentioned in the 
' preceding paper. 

It seems quite certain that his line @ is our 
group 2. Furthermore the separation between 
groups 2 and 3 is determined by the 2 spin-orbit 
energy, and should be quite accurately given by 
the theory. This separation agrees reasonably 


RICHTMYER 


well with the observed separation between a 
and 6, but not at all well with the separation 


-between a and c. So line 6 must be group 3. 


Then by elimination ¢ must be group 1. The 
coincidence of groups 1 and 4 is of course purely 
accidental ; since the calculated position of group 
1 is apparently slightly in error and since the 
observed line c is fainter than }, we conclude 
that perhaps groups 1 and 4 do not actually 
coincide. Then since group 4 is only slightly 
fainter than group 1 it should be about on the 
threshold of observability, and may be Burbank’s 
d; or it may be that group 5 is Burbank’s d. 
At any rate we are tempted to suggest that under 
very slightly more favorable conditions groups 
4, 5 and 6 would all show up, although 6 might 
be obscured by the intense line L83. 

The suggested correlation is, in the jj coupling 
notation, 


linea, 2p? 43 14 2-2p3d 13 je J; 
b, 2p? 313 2-2p3d 3 je J; 
c, 2p? 12 13 22p3d 13 js J; 


d, 2s2p 4 13 1-2s3d 4 je J (?) 
or 2p? 14 13 0-2p3d 1} je J (?) 


in which jz and J for the final level take on all 
possible values. je is indefinite because of the 
smallness of the 3d spin-orbit parameter and J 
because of the lack of appreciable coupling 
between the Z and M holes. This correlation 
can also be expressed by the ordinary x-ray 
notation if we introduce the value of J, when 
needed, in parenthesis : 


line a Lu Lin (2)-Lin My, Vv 
6 InLm (2)-Ln Mwy, v 
¢ Ly® (2)-Lm Miv.v 
d IyLm (1)-L; Myry, v (?) 


or 


In’® (0)-Lim My, v (?). 
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Fourteen experiments each of which determines some 
function of one or more of the constants e, m and h, are 
classified, according to the function determined, into nine 
groups. The latter number is reduced to seven by the 
elimination of five of the thirteen experiments as unreliable 
in the light of our present knowledge. Three cardinally 
good experiments, the directly measured x-ray values of e, 
the many concordant measurements of e/m and the values 
of h/e from the limit of the continuous x-ray spectrum are 
exhibited on a new type of diagram showing separately 
results of all independent reliable determinations to portray 
the consistencies graphically. The indubitable nature of 
the discrepancy is thus made evident and the remaining 
four experimental values also plotted on the diagram seem 
to give better support to the first two named cardinal 
experiments than to the last. The new type of diagram is 
an isometric projection of a cartesian coordinate system 
whose axes represent the relative deviations of e, m and h 
from conventionally assumed values. Planes in this space 
represent the different experimental determinations of 
functions of e, m and h and the discussion brings out the 
absolute geometric property that five of these planes are 
“cozonal” (parallel to a common axis). Though there are 
seven equations it thus appears that to solve for e, m 
and h either the direct e equation or alternately the R,, 
equation is indispensable. 

The results are briefly recounted of a careful examination 
both by the author and others of numerous possible 


experimental and theoretical sources of the discrepancy. 
Modified diagrams are shown for (a) the assumption that 
the velocity of propagation of radiation in vacuum suffers 
a slow decline with increasing frequency (the velocity for 
20,000-volt x-rays is assumed to be } percent lower than 
the low frequency optical value); (b) the alternative 
assumption that the Bohr-Rydberg formula must be 
revised to include a factor (1—a). Both assumptions 
rectify the diagram as regards the three cardinal experi- 
ments but throw the remaining experiments out of line 
with them. Since the two assumptions named are about 
equally objectionable both on theoretical grounds and in 
their results on the diagram they are now rejected as 
unlikely. The author concludes that in all probability 
some unsuspected theoretical or experimental flaw in the 
determination of h/e by the continuous x-ray spectrum 
method is the source of the discrepancy and emphasizes 
the need for renewed study of this experiment along with 
x-ray ionization and excitation potentials over a wider 
range of voltages with better spectral resolution. The 
weakness of low voltage measurements of ionization and 
excitation potentials is pointed out. It is emphasized that 
when systematic error is as glaringly evident as at present 
the temptation to obtain compromise or “best” values of 
the natural constants by least-squares methods should be 
strongly resisted for it is not inconceivable that the 
discrepancy may reveal some important error of principle 
or theory. 





I. THE NATURE OF THE DIFFICULTY 


XPERIMENTAL determinations of the 

natural atomic constants, e, m and h, can be 
classified into nine types listed in Table I. In 
each case the experiment yields the determina- 
tion of a numerical value, A, for some natural 
constant or a function of two or more natural 
constants as indicated. 


Reliability of the different experiments 

From this list we exclude for our present con- 
clusions the oil-drop determinations, the photo- 
electric determinations, the determinations of 
the radiation constants c, and o and the fine 
structure constant determination “* because at 
the present time these results are subject to much 
greater experimental uncertainties than the 


others. The two radiation constants yield results 
falling so far away from the others as to cast 
grave suspicion upon these two.** Three inde- 
pendent and painstaking oil-drop determinations 
combined with five equally independent careful 
determinations of the viscosity of air listed by 
Robinson? combine to give fifteen possible values 
of e ranging from 4.752107 to 4.854 x 107 
e.s.u. Recent careful experimental studies® of the 
distribution in energy of photoelectrons ejected 
by monochromatic optical light have only 
served to emphasize the great difficulties and un- 
certainties attending determinations of h/e by 
this method. 

Determinations, 2), of h/e by ionization and 
excitation potentials‘ are sufficiently doubtful to 
be placed on the border line of the excluded class. 
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TABLE I 
1. Direct determinations of e either by (a) the ruled-grating and crystal x-ray method! or by 
(b) the oil-drop method.? A,=e 
2. (a) Measurements of the continuous x-ray spectrum limit.’ (b) Measurements of ionization 
and excitation potentials of atoms.‘ (c) Photoelectric effect .5 (d) Radiation constant c2.° A2=h/e 


3. Electron diffraction measurements involving the voltage of the electrons and their wave- 


length.” 


4. (a) Electron diffraction in which the speed of the electrons is measured.* (b) Compton shift 


measurements. ? 


A3;=h/(em)} 


Ag=h/m 


. Specific charge of the electron (spectroscopic, deflection or otherwise).'® A;=e/m 


. X-ray photoelectrons ejected with known quantum energies hy and measured by magnetic 


deflection." 


. Determinations of Stefan-Boltzmann radiation constant o." 


. Determinations of the fine structure constant!** a. 


5 

6 

7. Determinations of the Rydberg wave number equated to Bohr's formula.” 
8 

9 


A,g=e?/(mh) 
A;=me'/h3= R,.(c/22") 
As=e/hi 
Ayg=e?/h=(c/2r)a 








! The absolute scale of wave-length of x-ray lines having 
been determined relative to the Siegbahn scale (A,/As 
= 1.00203 according to Bearden’s results) by means of 
ruled grating diffraction, the absolute grating constant of 
a crystal such as calcite can be calculated from Bragg or 
Laue diffraction data. This gives the absolute volume of 
the unit cell of the crystal lattice and from this and the 
measured crystal density the absolute atomic weight, 
Avogadro's number and the electronic charge are com- 
puted (the latter by means of the Faraday). For work on 
h,/r. see J. H. Bearden, Phys. Rev. 37, 1210 (1931); 47, 
883 (1935); 48, 385 (1935); E. Backlin, Zeits. f. Physik 93, 

450 (1935); M. Sédermann, Nature 135, 67 (1935). Certain 
earlier criticisms of this method of determining e have been 
eliminated by work described in the following papers: 
J. W. M. DuMond and V. L. Bollman, Phys. Rev. 50, 
524 (1936); 54, 1005 (1938). Regarding the auxiliary con- 
stants such as the velocity of light, etc., a thorough exami- 
nation by the author, here omitted for brevity, shows that 
such revisions turn out to be far too small to bear materially 
on the difficulty under discussion. Throughout the present 
paper I treat the grating wave-length of x-rays as beyond 
question. In connection with this important experiment 
even the electrochemically determined value of the Fara- 
day (G. W. Vinal, Cong. Inter. d’Electr. Paris (1932), Vol. 
3, Section 2, p. 117; also Nat. Bur. Stand. J. Research 8, 735 
(1932)) has been questioned at times. To accuracy which 
for our present dilemma is quite sufficient we have, how- 
ever, a hitherto unnoticed check on the Faraday inde- 
pendent of electrochemistry in the work on e/m; for in 
the six spectroscopic determinations involving H! ‘and H? 
lines (or H' and He? lines) the electrochemical Faraday 
is used to compute e/m while by the six other methods it 
is not used. The agreement as to e/m between these two 
classes gives confidence that the Faraday is not seriously 
in error. I owe the value e=4.8029+0.0005 X 107" e.s.u. 
to R. T. Birge (Nature 137, 187 (1936)) who used Molecular 
wt. calcite 100.085, Faraday 9648.9, c=2.99776, calcite 
density 2.71030, ¢(8) = 1.09594 for the volume factor. 

2H. R. Robinson, Nature 142, 159 (1938) has reviewed 
the situation concerning the oil-drop experiment and the 
related measurements of air viscosity. 

2a After the manuscript of this paper had gone to the 
editors the author was informed in a letter from H. 
Wensel of the National Bureau of Standards, Pyrometry 
Section, that optical pyrometer measurements yield a 
value of cz which when combined with c, (light velocity) F, 
(the Faraday) and R, (the gas constant) lead to a value 
of h/e whose reliability i is indeed amply sufficient to war- 
_ including it in our considerations. This result is 

h/e= (1.3772 +0.0006) X 10-7 which is in striking agree- 
ment with the “‘low’’ values of k/e obtained by the con- 
tinuous x-ray spectrum limit method. The reader can 
readily plot this important result for himself on the dia- 
gram of Fig. 3 by means of the scale which reads directly 


in terms of h/e. This seems to render an experimental error 
in the continuous x-ray values of h/e a somewhat less likely 
explanation of the discrepancy than it appeared to the author 
when the body of this paper was written. See H. T. Wensel, 
Nat. Bur. Stand. J. Research 22, 387 (1939), especially Eq. 
(14). 

3 Duane, Palmer and Yeh, J. Opt. Soc. Am. 5, 213 (1921); 
H. Feder, Ann. d. Physik 51, 497 (1929); P. Kirkpatrick 
and P. A. Ross, Phys. Rev. 45, 454 (1934); G. Schait- 
berger, Ann. d. Physik 24, 84 (1935); J. W. M. DuMond 
and V. L. Bollman, Phys. Rev. 51, 400 (1937); E. Brunner, 
Phys. Rev. 53, 457 (1938) gives an explanation of the 
knees in the isochromats. 

4E. O. Lawrence, Phys. Rev. 28, 947 (1926); L. C. a 
Atta, Phys. Rev. 38, 876 (1931); 39, 1012 (1932); J. 
Roberts and R. W hiddington, Phil. Mag. 12, 962 iid; 
R. Whiddington and E. G. Woodroofe, Phil. Mag. 20, 
1109 (1935), 

5 P. Lukirsky and S. Prilezaev, Zeits. f. Physik 49, 238 
(1928); A. R. Olpin, Phys. Rev. 36, 251 (1930). For the diffi- 
culties caused by the energy distribution of the photoelec- 
trons see M. M. Mann and L. A. DuBridge, Phys. Rev. 51, 
120 (1937); W. V. Houston, Phys. Rev. 52, 1047 (1937); 
C. F. J. Overhage, Phys. Rev. 52, 1040 (1937). While it is 
Houston's opinion that the difficulties can eventually be 
removed, the work up to the present is, in the author's 
opinion, made quite unreliable by them 

€For an account of this constant and its experimental 
value see R. T. Birge, Phys. Rev. Supp. (Rev. Mod. 
Phys.) 1, 54 (1929). 

7S. von Friesen, Proc. Roy. Soc. A160, 424 (1937), also 
Inaugural Dissertation, Uppsala, 1936. This author com- 
bines his results with the Bohr-Rydberg formula and a 
value of e/m so as to compute separate values of e and h. 
On the present Birge-Bond diagrams, however, his results 
are reduced to a value for h/(em)*, the function really 
measured in his experiments independent of any assump- 
tions as to R and e/m. 

8 J. Gnan, Ann. d. Physik (5) 20, 361 (1934); R. v. 
Meibom and E. Rupp; Ann. d. Physik (5) 13, 725 (1932). 

*P. A. Ross and P. Kirkpatrick, Phys. Rev. 45, 223 
(1934). These authors showed that when in the Compton 
shifted scattering process, bound electrons are ejected from 
atoms the momentum imparted by the photon is not given 
to the electron alone but is slightly shared with the re- 
mainder of the atom. A slight decrease in shift results 
which these authors showed should and does approxi- 
mately diminish with the square of the wave-length. 
F. Bloch, Phys. Rev. 46, 674 (1934) has treated the theory 
with certain simplifying assumptions as have also G. Burk- 
hardt, Ann. d. Physik 266, 567 (1936); W. Franz, Zeits. f. 
Physik 90, 623 (1934); 95, 652 (1935). With solid scatterers 
the exact applicability of the theory is somewhat question- 
able. A precision determination of the shift at this labora- 
tory with gaseous scatterers is under way. Shift measure- 
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These exclusions leave us with the first seven 
of the eight types listed and of these, number 
seven, the Rydberg wave number,” is by far 
the most precise and consistent determination. 
Next to it in precision and consistency and in 
decreasing order as to these qualities come 
numbers 1a, 5 and 2a. Now since there are only 
the three unknowns e, m and h the seven equa- 
tions yield considerable over-determination and 
a general statement of the difficulty with which 
this paper deals is made when we say that on 
substituting the numerical results of experi- 
mental measurements the seven equations fail to 
be mutually consistent by amounts uncom- 
fortably exceeding the best estimates of their 
precision. 


Representation of the discrepancy 


More specifically if we take the three cardinally 
good measurements 1(a) The value of e directly 
determined by x-ray methods. 2(a) The value 
of h/e determined by the inverse photoelectric 
effect (limit of the continuous x-ray spectrum) 
and (5) Specific charge measurements, and sub- 
stitute the resulting values of e, h/e and e/m into 


ments of h/m are difficult and uncertain not only because 
of the above correction but also by reason of the relatively 
great breadth of the shifted line (which, however, can also 
be diminished by using shorter primary wave-lengths) and 
because of the distorting effect on the shape of the shifted 
line of certain relativity corrections (J. W. M. DuMond 
and H. Kirkpatrick, Phys. Rev. 52, 433 (1937)) and of 
multiple scattering. The author believes he has selected a 
probable error for (4 b) in keeping with these uncertainties. 

10\W. V. Houston, Phys. Rev. 30, 608 (1927); L. E 
Kinsler and W. V. Houston, Phys. Rev. 45, 104 (1934); 
46, 533 (1934); C. D. Shane and F. H. Spedding, Phys. 
Rev. 47, 33 (1935); R. C. Gibbs and R. C. Williams, Phys. 
Rev. 48, 971 (1935); 45, 475 (1934); 45, 221 (1934); 44, 
1029 (1933); R. C. Williams, Phys. Rev. 54, 568 (1938); 
J. A. Bearden, Phys. Rev. 54, 698 (1938); 55, 584 (1939); 
W. V. Houston, Phys. Rev. 51, 446 (1937); W. V. Houston 
and C. F. Robinson (as yet unpublished); D. Y. Chu, Phys. 
Rev. 55, = (1939); A. E. Shaw, Phys. Rev. 54, 193 
(1938); F. G. Dunnington, Phys. Rev. 52, 498 (1937): 
F. Kirchner, Ann. d. Physik 8, 975 (1931); 12, 503 (1932); 
R. T. Birge, Phys. Rev. 54, 972 (1938). 

1! Robinson, Andrews and Irons, Proc. Roy. Soc. A143, 
48 (1933). H. R. Robinson, Phys. Soc. Proc. 46, 693 (1934). 
H. R. Robinson and Clews, Proc. Roy. Soc. A149, 587 
(1935). H. R. Robinson, Phil. Mag. 22, 1129 (1936) (a 
summary); G. G. Kretschmar, Phys. Rev. 43, 417 (1933). 
Kretschmar’s results have not been used here because of un- 
certainties regarding the interpretation of his observations. 

2 R. T. Birge, Phys. Rev., Supp. (Rev. Mod. Phys.) 1, 
60-61 (1929). 

13 R. Ladenburg, Handbuch der Physik (2) 23, 20 (1933); 
C. Miiller, Zeits. f. Physik 82, 1 (1933). 

13a A method due to R. T. Birge may have promise of 
yielding more information on @ though it seems subject at 
present to some uncertainty on the side of theory. 


(7), the Bohr formula ™“* for the Rydberg wave- 
number R,=27°e?/(h/e)*(e/m)c? we obtain a 
value differing from the measured value of R. 
by something from one-half to three-quarters of 
a percent.“ The intolerable nature of the situa- 
tion makes it of great interest to try to frame an 
intelligent guess as to where the trouble lies, 
be it either of a theoretical or experimental 
nature. The well-known Birge-Bond diagram" 
has two disadvantages for this purpose: (1) The 
data are treated in an arbitrary asymmetrical 
way (certain of the determinations are mixed 
with Eq. (7), while others are not) so that it 
becomes difficult to foresee (without replotting) 
the result of certain changes either from theory 
or experiment. (2) Relative variations of the 
same magnitude appear to very different scales 
on different ordinates. 

The special function of the new chart here 
described'** is to indicate the consistency of the 
determinations and of the nine classes listed 
above we shall plot only the first seven. It has 
the advantages (a) that each of the seven types 
of determination appears to about the same 
scale of relative variation and (0d) that a variation 
in some particular experiment affects only the 
one line on the chart corresponding thereto. 


‘To the author’s knowledge R. T. Birge was the first 
to point out this discrepancy. R. T. Birge, Phys. Rev. 48, 
918 (1935); Nature 137, 187 (1936); J. W. M. DuMond 
and V. L. Bollman, Phys. Rev. 51, 400 (1937); R. T. Birge, 
Phys. Rev. 52, 241 (1937); R. Ladenburg, Ann. d. Physik 
(5) 28, 458 (1937); J. W. M. DuMond, Phys. Rev. 52, 
1251 (1937); R. A. Millikan, Ann. d. Physik (5) 32, 34 
(1938). 

44a Throughout this formula e is in e.s.u. save in the 
parenthesis containing e/m. There it is in e.m.u. 

%R. T. Birge, Phys. Rev. 40, 228 (1932). The use of 
such diagrams was suggested by Bond and extended, im- 
proved and widely applied by Birge following a suggestion 
of R. Brode. The facility with which a complex situation 
can be appreciated at a glance has led to the facetious 
name for the diagram ‘‘A Birge-Eye-View of the Atomic 
Constants,”’ 

a After the author had developed the three-dimensional 
representation and its isometric projection and had sent 
a copy to R. T. Birge, the latter sent him a copy of a chart 
independently designed by R. A. Beth which bears some 
resemblance to the one here described. Beth's chart con- 
ceived about December, 1937 is essentially a view of the 
R. plane on which may be plotted lines, the intersections 
with that plane of the other planes, representing as many 
other types of determination as are desired, including of 
course the e, h and m planes themselves. The advantages 
of using the isometric projection based on the cozonal 
property of five types of determination so as to exhibit 
their consistency independent of the Bohr-Rydberg rela- 
tion were not recognized by Beth but he was certainly the 
first to try to avoid the asymmetrical treatment of the 
data that is an objection in the Birge-Bond diagram. 
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Fic. 1. Perspective view of the three-dimensional space 
with Cartesian coordinates x., Xm, X, Where x,=(e—€0)/e0; 
éo is a conventional value of e near to the true one, with 
similar definitions for m and h. The coordinates, to appro- 
priate scale, may also be regarded as e, m and h directly; 
the origin is the point éo, mo, ho. An experimental deter- 
mination of any Sositun of e, m, h such as h/(em)*=A3 
is represented as a surface in this space which in the region 
of interest near @o, mo, ho can with ample accuracy be 
regarded as a plane whose orientation is fixed by the func- 
tion determined. A change in the numerical value A; de- 
termined shifts the plane parallel to itself. Of the seven 
most reliable types of determination five turn out to be 
represented by planes which are all parallel to a common 
axis or normal to a common plane (the plane of the hexagon 
in the figure). These are here shown, to avoid confusion, 
as though they passed through a common axis as well as 
being parallel to it. This cozonal axis is equally inclined 
to the axes of e, m and hand in isometric projection appears 
as a point while the planes appear as lines in this projec- 
tion. Obviously this cozonal property of the five types of 
determination is an absolute one invariant to any change 
of variable. The meaning of the heavy oblique line in the 
foreground is made clear in Fig. 2. 


Define the relative variation x,=(e—é)/éo, 
in which éo is an arbitrarily chosen value near 
to the true one, with similar definitions for x, and 
x,. The measured constants A ; similarly are to be 
discussed in terms of numerics a;=(A;—A io) /A io 
in which A jo is consistent with é@9, mo, ho. In the 
three-dimensional cartesian system of coordi- 
nates, X-, Xm, Xa, each of the equations (1) to (7) 
is a surface which with ample accuracy can be 
replaced near x. =*Xmn=x;,=0 by its tangent plane 
found by appropriate Taylor’s expansion. The 
orientation of each such plane depends on the 
particular function of e, m and h involved in 
each type of experiment while a change in the 
experimental value A; shifts the plane parallel 
to itself. Three or more planes agree to a set of 
values X-, Xm, X, When they intersect in a common 
point having these coordinates. 
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In the new variables the equations are (1) 
%e=G1; (2) Xa—Xe=A2; (3) Xn—}Xe—2Xm=A3; 
(4) xXn—Xm=a4; (5) xe—Xm=d5; (6) 2x.—Xm 
—xX,=d6; (7) Xm+4x.—3x,=a7 and it is easy 
to see by making an isometric projection that 
Eqs. (2) to (6) inclusive all stand for planes which 
are parallel to a common axis. The term “‘co- 
zonal”’ borrowed from crystal structure con- 
veniently describes this absolute property. The 
axis in question is equally inclined to the three 
positive axes X., Xm, x, and in the isometric 
projection would be seen on end as a point while 
the five planes are seen on edge projected as 
lines. 

Figure 1 is a perspective view of a three- 
dimensional model showing the orientations of 
the five cozonal planes which here for simplicity 
are not only parallel to but also intersect in a 
common cozonal axis. The white hexagon lies 
in the plane of the isometric projection normal 

















Fic. 2. The same space of x., xm and x, (or e, m, h) as in 
Fig. 1 is here shown to illustrate the orientation of the two 
exceptional planes representing the direct determination of 
e (base plane) and the determination of the Rydberg fun- 
damental frequency equated to Bohr’s theoretical formula 
(inclined plane marked R..). These planes intersect in an 
oblique line (which is also shown in Fig. 1) and it is evident 
that parallel displacements of either the R plane or the 
e plane will impose parallel displacements on this line of 
intersection. When this line or its isometric projection (on 
the plane of the hexagon of Fig. 1) coincides with the 
cozonal axis common to two or more planes of the cozonal 
set, the necessary and sufficient condition for consistency 
of the R and e determinations with the two or more cozonal 
determinations is fulfilled. Thus a consistency diagram 
can be constructed in two dimensions in the plane of the 
hexagon of Fig. 1 consisting of the projections of the five 
cozonal planes (seen on edge) and the projection of the line 
of intersection of the e plane with the R,, plane. When all 
these lines intersect in a common point we have complete 
consistency of the seven types of determination. 
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Fic. 3. A consistency graph of the determinations of the atomic constants constructed as explained in the captions to 
Figs. 1 and 2. The scales for displacement of the lines are expressed in percent deviation from the standard conventional 
values adopted for construction of the chart, an intersection in the exact center of the chart indicating that the conventional 
values @o, mo, ho are the true ones. In the most interesting cases (for e/m, h/e and e) scales reading directly in terms of 
these quantities are also attached and it is quite obvious that the entire diagram could be constructed to read directly 
in this way if desired. The conventional or central values are as follows: ¢0= 4.80290 X 10~ e.s.u.; mo=9.11096 x 107% 
gram; ho=6.62602 X10-*’ erg sec. and in consequence éo/mo= 1.75850 X10? e.m.u./gram; ho/eo=1.37959 X 10-" e.s.u. ; 
ho/mo= 7.27258; eo?/(moho) =3.82112 X10"; ho/(eomo)*=1.00166X10-§; R.=2re’c*(h/e)-*(e/m) =109737 cm; 
c=2.99776X 10 cm/sec. As can be seen a region near the central values of this chart is pretty well indicated by all the 
experiments within the precision of each except for experiment 2a (the five measurements of the short wave-length 
limit of the continuous x-ray spectrum). A little care is required in interpreting the e and the R.. scales. Each of these 
scales shows the displacement that the projected line of intersection of the e and R planes would suffer if the variable of 
the one scale alone were changed ; the other variable is left at its central or conventional value. A change in both variables 
then calls for the algebraic sum of the displacements indicated on each scale. Note added to proof:—F. Kirchner informs the 
author that the work of R. v. Meibom and E. Rupp is probably completely unreliable. This changes the position of 
4a to —0.31+0.41 percent corresponding to J. Gnan’s value h/m=7.25+0.03. 





to the cozonal axis. The great convenience of this 
projection for our purpose is now evident for on a 
plane we may plot the five types of lines with 
their appropriate orientations each with the 
correct displacement from a central standard 
point to represent the results of each measure- 
ment. (See Fig. 3.) Three or more lines passing 
through a common point indicate consistency of 


the corresponding equations or determinations. 
To represent the exceptional Eqs. (1) and (7) 
(e=A,, R.=(22*/c)A:) whose planes are not 
cozonal with the rest we note that these intersect 
in a line in three-dimensional space (see Fig. 2) 
which line is projected on the plane of Fig. 3 
(e.g. the line marked Bearden). Scales at the 
ends of this line show the displacements it would 
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suffer for changes from the standard values in 
either e or R,. It is evident that the necessary 
and sufficient condition for consistency of 
Eqs. (1) and (7) with any set of two or more of 
the cozonal equations is that this line as seen in 
the isometric projection of Fig. 3 shall coincide 
with the mutual intersection of the two or more 
cozonal planes (seen on edge). Were there more 
than these two exceptional planes not belonging 
to the cozonal set the consistency of each with the 
rest could be indicated similarly by plotting the 
projection on our isometric plane of the line of 
intersection of each of them with the R, plane. 
Scales for variations of both the function in 
question and R, would be attached. In particular 
this device makes it perfectly easy to attach 
scales for m and h similar to the scale for e 
permitting values of these variables correspond- 
ing to any intersection point on the chart to be 
read off directly. Since they are not essential 
to the purposes of this paper these and many 
other possible scales have been omitted to avoid 
overburdening the diagram.» 

The standard values adopted in constructing 
Fig. 1 were e9=4.8029010-', mo=9.11096 
<10-*8, Ayo =6.62602 10-7, R,=109737. The 
order of uncertainty has been indicated in Fig. 3 
in some cases but when a large number of de- 
terminations is plotted the mutual consistency 
of the determinations is relied upon as a guide to 
judgment. The thickness of the lines is adjusted 
to indicate roughly the weight they should 
receive. 

The failure of intersection at a common point 

'8» The practical mode of construction of scales for any 
function of, say, the ratios e/m and h/e is as follows. Take 
for example the scales e and R... We have (h/e)~*(e/m)- 
= (c/2x*)R.e~*. Evidently the function (h/e)~*(e/m)— calls 
for a scale laid off in such a direction that the displace- 
ment of 0.3 percent along it corresponds to a displacement 
of —0.1 percent in h/e (e/m constant) or to a displace- 
ment of —0.3 percent in e/m (h/e constant). This fixes 
both direction and magnitude of the percent scale of 
(h/e)~*(e/m)™ which is identical to the percent scale of 
R.. Obviously the scale of e will be parallel to this last 
but an interval on it of 0.1 percent will be twice as long 
and in the opposite sense. This procedure can be followed 
for the construction of a scale for any function whatever 
(say F) of e, m and h. We can always write (h/e)‘(e/m)/ 
=(c/2x*)R.F* and upon substitution of the Bohr ex- 
pression for R., the equation becomes an identity _per- 
mitting the determination of the powers 7, j and k. In 
particular this method leads to the following equations for 
setting up direct reading scales of m and h. (h/e)~*(e/m) 
= (c/2m)Rom~; (h/e)*(e/m)~ = (c/2m*)Rh-. This is the 
analytical counterpart of the projective geometrical con- 
struction described in the main text of this paper. 
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of the three cardinal groups of lines shows 
strikingly the nature of the discrepancy and the 
three remaining groups of lines seem to give more 
support to groups 1 and 5 than to group 2. 
The dispersion of the measurements in group 2 
also casts more suspicion upon the reliability of 
this group for our purpose. 


II. ANALYSIS OF THE DIFFICULTY 
Least-squares methods premature 


First let it be emphasized that with sys- 
tematic error so patently present as this diagram 
indicates the temptation to obtain compromise 
or ‘best’ values of the natural constants 
should be resisted, for it is not inconceivable that 
the discrepancy may reveal some important error 
of principle or theory. 

Rigorously a least squares determination of e, 
h and m for all possible fruitful groupings of the 
equations of Table I by threes, fours, fives, sixes, 
and sevens might be made.'® A comparison of the 
results when different experiments having some 
feature in common were omitted from the de- 
termination might then throw light on the source 
of the discrepancy. So much labor, however, 
hardly seems justified when we recall that it is 
at present quite beside the point to hope for a 
numerical solution for the ‘‘best’’ values of e, h 
and m by least squares. Our present efforts 
must be directed rather toward revealing the 
source of the discrepancy, be it theoretical or 
experimental, and a great deal of detective work 
can be done without recourse to such exaggerated 
difficulties as elaborate least-squares solutions. 

_ The method of representing the various de- 
terminations of functions of e, m and h in three- 
dimensional space here described brings forth 
very clearly a situation which to the author’s 
knowledge has never before been brought to pub- 
lic notice. Although we have seven equations for 

16 This would of course be far more laborious than neces- 
sary but I am informed that two independent workers, 
Beth and Dunnington, have indeed performed the least- 
squares solutions with the two most interesting exclusions, 
(a) the Bohr-Rydberg formula and (b) the latter and also 
h/e from the continuous x-ray spectrum limit. Such com- 
mendable devotion was however not more richly rewarded 
with conclusions than the author’s more homely procedure. 
The danger in quoting numerical results of least-squares 
computations made with data known to contain large 
systematic errors is that the unwary will take them for 


gospel when in the present case they were computed merely 
to obtain clews to the location of the discrepancy. 
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determining only three unknowns, five of these 
(the cozonal set) are insufficient by themselves to 
determine e, m or h but are only sufficient to 
determine ratios between these quantities. Only 
with the help of Eqs. (1) or (7) in conjunction 
with two or more of the five cozonal equations 
can sets of values for e, m and h be determined. 
The exceptional importance of the direct x-ray 
determinations of e and of the Bohr expression 
for the experimentally determined Rydberg 
wave number is thus clear. The planes correspond- 
ing to these two equations are the only ones that 
can intersect the cozonal axts in a point. 

Thus if either one of the two last mentioned 
determinations is dropped from the set of seven 
under discussion the remaining six are only just 
sufficient to determine e, m and h and the de- 
sirable over-determination implied in the words 
“least squares” is absent as far as these three 
variables are concerned. 

The author believes that a method of visualiz- 
ing the rather complicated situation as to inter- 
consistency of results such as Fig. 3 im which to 
the greatest possible extent all reliable original 
data are separately visible is much to be pre- 
ferred to any method in which original data are 
concealed behind averages or least-squares 
solutions. No blind mathematical process of 
averaging should in his opinion precede an 
opportunity for the exercise of intelligent judgment. 


Examination of the experiments themselves 


The first obvious thing to try is a careful ex- 
amination of each of the experiments to see if 
some unsuspected source of systematic error can 
be found. The author is but one of many physi- 
cists who have undertaken this over a consider- 
able period of time and the result so far is 
completely negative. For brevity we must omit 
most of this careful analysis save for a few brief 
comments. Line 1a on the diagram is even more 
certain and satisfactory than it ever was since 
the vaiues of Backlin' and Séderman' have been 
revised by the discovery by Haglund" of a small 

17 C, F. Robinson, Phys. Soc. Progress Reports, 1937, p 
212. In explaining the necessity of a revision of Backlin and 
Séderman's data Robinson makes a slight but obvious slip 
quoting an error which is really five parts in one hundred 
thousand, as one part in five thousand, and an error in e 
of 1/7000 as 1/1700. P. Haglund (Zeits. f. Physik 94, 369 


(1935)) found an erroneous correction for refractive index 
previously made by Larsson, in his determination of 


error in certain fundamental measurements Of 
Larsson which Backlin and Séderman used. 
The results of the two latter, recomputed, now 
agree astoundingly with the result of the monu- 
mental work of Bearden.' Line 5 has been de- 
termined in many independent ways, notably 
lately by Bearden’s beautiful x-ray method of 
refractive index of diamond,'* and the results 
are so distributed that there seems little reason 
any longer to distinguish two values of e/m 
(spectroscopic and deflection) .'** 

Line 2a is one on which the author has first- 
hand knowledge. Possible sources of error were 
carefully considered in a recent paper” and in 
Fig. 14 of that reference the points W; and W2 
indicating where the quantum limit would have 
to appear in order to reconcile the discrepancy 
vividly show how impossible with the present 
data such a reconciliation by this method is. 
The reader's attention is called to the fact that 
the sign of the discrepancy is such that if the 
present experiment is held responsible we would 
conclude that quanta hy appear in the x-ray tube 
at electron energies ev too low to excite them—a 
result much harder to account for by experi- 
mental errors than the reverse would be. Since 
this latter paper was written a very likely 
theoretical explanation” has been given for the 
knees K,K¢ (Fig. 14) in the isochromats. It seems 
possible that the somewhat less reliable (con- 
denser) method of measuring the voltage used 
by Schaitberger* might well account for his 
higher value of h/e, departing as it does rather 
radically from all the others. In the work of 
DuMond and Bollman the potentiometer method 
used to measure the voltage was also the method 
whereby the voltage was held constant during the 
x-ray measurements so that there could be no 
AlKa on the conventional Siegbahn scale (A. Larsson, 
Dissertation, Uppsala, 1929). The accord between Bear- 
den, Backlin and Séderman after this revision is the more 
striking in that the three workers were ignorant of the 
necessity for the correction when they made their original 
observations. The greater weight given to Bearden’s more 
numerous observations prevents any change in the final 
mean of A,/A,. The unfortunate adoption of two conven- 
tional wave-length scales other than Siegbahn’s, one by 


Bearden, another by Backlin and Séderman, requires vigi- 
lance on the part of the student. 

18 J. A. Bearden, Phys. Rev. 48, 698 (1938). 

188 R, T. Birge, Phys. Rev. 54, 972 (1938), but see J. A. 
Bearden, Phys. Rev. 55, 584 (1939). 

19 J. W. M. DuMond and V. L. Bollman, Phys. Rev. 51, 
416 (1937). 

20 E. Brunner, Phys. Rev. 53, 457 (1938). 
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doubt that the voltage measured obtained while 
the x-ray observations were being taken. 
Recently the suggestion has arisen in several 
quarters that the “‘low’’ value of h/e obtained 
from the continuous x-ray spectrum limit is the 
result of unsuspected oscillations in the x-ray 
tube such that the maximum voltage imparted 
to the electrons exceeds the average voltage 
measured by the potentiometer method. In the 
paper by DuMond and Bollman," however, this 
possibility was carefully considered and rejected 
for three reasons. (1) An exploration with the 
cathode-ray oscillograph at lower frequencies 
and with a very sensitive aperiodic short wave 
detector for the short and ultra-short wave region 
failed to reveal any oscillations capable of 
producing the discrepancy. (2) The experiment 
as DuMond and Bollman performed it consisted 
in determining the voltage at which the short wave- 
length limit of the continuous x-ray spectrum just 
coincides with the wave-length of the peak or center 
of the transmission band defined by the two-crystal 
x-ray monochromator. Now if oscillations in the 
voltage applied to the tube were superposed 
upon the steady voltage measured by the poten- 
tiometer these would not change the average 
wave-length of the short wave limit. If the am- 
plitude of such oscillations were sufficiently small 
they would merely increase the symmetrical 
blurring or ‘“‘smearing” effect of the finite 
resolving power of the spectrometer. Oscillations 
of amplitude sufficient to explain the voltage 
discrepancy observed in our 20,000-volt case 
(about 50 volts) should distort the shape of our 
isochromats so that they would exhibit two re- 
gions where the curve is concave upward, corre- 
sponding to the maximum and minimum values 
of the voltage, one of these being 50 volts above 
and one 50 volts below the point marked W, in 
Fig. 14 of the reference in question. Such a 
distortion above W, was not observed. (3) The 
fact that determinations of h/e at two different 
voliages (10,000 and 20,000) by this method 
agree in giving the same “low” value of h/e 
makes the explanation by oscillations unlikely 
as the amplitude of such oscillations would have 
to be proportional to the applied voltage. 
Preparations are now well advanced at this 
laboratory for a repetition of this important 
experiment over a wider range of voltages with 
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fmuch better x-ray spectral resolving power 
(attainable thanks to our possession of a 30-kw 
x-ray outfit). Any departure from linearity of the 
relation between Av and ev will be very carefully 
looked for in the new work for reasons which will 
soon be apparent. 

In a recent letter to the editor of the Physical 
Review this author has compared graphically 
the results of computing a value for h/e from the 
data of some of the different experiments listed 
in Table I. A reasonably direct and easy way was 
adopted to avoid the labor of a least-squares 
solution. Just as in the construction of the Birge- 
Bond diagram Eq. (7) (the Bohr formula for the 
Rydberg constant) is treated as though it were 
exact and used to eliminate m so here the two 
next most accurate determinations la and 5 
are also regarded as exact and used in the remain- 
ing Eqs. 2b, 2c, 2d, 3, 4b, 6 and 7 to compute 
h/e for comparison with h/e as measured in 2a 
(continuous x-ray limit).”* The results showed 
that whereas the continuous x-ray limit experi- 
ment gives a value of h/e falling satisfactorily 
near the error ranges of the relatively less ac- 
curate other determinations of h/e by 2b, 2c, 
2d, 3, 46 and 6 which grouped themselves well 
both above and below it, the even more accurate 
value of h/e computed in the same way from (7) 
(the Bohr-Rydberg relation) fell rather far from 
most of them and strikingly far from their mean. 
It is indeed difficult, however, to find any flow in 
the experimental determination of the funda- 
mental Rydberg wave number and we are thus 
led naturally to our next topic. In this letter to 
the editor Birge’s original suggestion’ that the 
Bohr-Rydberg formula might require revision by 
the introduction of a factor (1—a)=1—1/137 
was resuggested. (a=fine structure constant)”. 


21 J. W. M. DuMond, Phys. Rev. 52, 1251 (1937). 

2 This common sense procedure which would be open 
to criticism if the object were a determination of the ‘‘best”’ 
values of the atomic constants is perfectly justified when 
a clew to the location of the discrepancy is all that we 
desire. 

*%R. T. Birge, Nature 137, 187 (1936). 

% In the letter (21) written on a transatlantic crossing 
without reference books the author confusedly used the 
notation a = 137 instead of a=1/137 as it is used here; but 
without ambiguity as to meaning. Since writing this letter 
over a year ago the author's judgment has been modified 
and he now regards the conclusions of the letter less favor- 
ably. Fig. 3 of this paper together with theoretical con- 
siderations had much to do with this change. A careful 
study leads him to attach far less weight to the points 
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Examination of theoretical assumptions behind 
the experiments 


The next thing to consider is the possibility of 
an error in the theoretical assumptions at the 
foundation of the experiments listed in Table I. 
The difficulty in such a program is to be exhaus- 
tive. One never can be certain that he has 
thought of all the buried assumptions which our 
lazy minds have learned to label as ‘‘obvious.”’ 
However a list of a few such is here given. 


List of assumptions 


(1) The familiar ruled grating formula md 
=d(cos @—cos ¢) may not apply in the x-ray 
region.”® (2) The Bragg law nm\=2d sin @ may be 
incorrect for some reason.”* (3) The photoelectric 
equation ev =hvy=hc/d may not apply rigorously 
at all energies and frequencies.”’ (4) The velocity 
of propagation of radiation in vacuum may vary 
slowly with the frequency, a diminution with 
increasing frequency of about } percent in going 
from the optical region to x-rays of 20,000 volts 
being sufficient for our purpose. (5) The Bohr 
formula for the Rydberg constant may require 
revision. 


Examination of the proposed modifications 


Regarding assumption 1, the measurements of 
x-ray wave-lengths in many different orders with 
many varieties of gratings and with many grat- 


labeled Radiation constant @, Photoelectric effect, and 
Ionization potentials than he did in the letter. 

* This has been often proposed ever since the x-ray 
value of e was found to differ from the old oil-drop value. 
Eckart (Phys. Rev. 44, 12 (1933)) has given a very elegant 
proof, based only on the superposition principle for electro- 
magnetic waves, of the validity of the grating formula 
without corrections for refractive index, etc. The agree- 
ment of x-ray wave-length measurements by Bearden by 
refraction in a diamond prism with the ruled grating values 
gives further confirmation. 

* This however has been very carefully tested as to the 


functional relationship between n, \ and @ by Siegbahn and 


by Allison and Armstrong including of course the very 
slight correction for refractive index. A. Eddington, Rela- 
tivity Theory of Protons and Electrons (Macmillan, Cam- 
bridge, 1936), pp. 306, 307, makes the weird suggestion 
that the number of atoms per cm* in a crystal may not 
have objective reality! One might obtain a different re- 
sult, if they were counted consecutively from the result of 
simultaneous counting as in the x-ray measurements! His 
wording is so cautious however that one feels that even 
this exponent of the superiority of a priori reason would 
not disdain more experimental information from humble 
“dirt’’ physicists before committing himself on this point 
to a full fledged theory. 

27 J. W. M. DuMond, Phys. Rev. 52, 1251 (1937). Last 
sentence in letter; also A. Eddington, Relativity Theory of 
Protons and Electrons, p. 304. 


ing constants have given no cause to doubt the 
grating formula. Also the fact that the ruled 
grating x-ray wave-lengths are strictly propor- 
tional to the crystal wave-lengths measured on 
the conventional Siegbahn scale by means of the 
Bragg law with a conventional value of d over 
the huge range of wave-lengths of nearly ten 
to one gives some reassurance regarding both 
assumptions 1 and 2. Furthermore experiments 
la, 2a, 3, 4a and 3, and 6 all of which. involve 
assumption 1 are mutually inconsistent (see 
Fig. 1) so that a revision of this sort does not 
seem promising. As to the second assumption 
(the Bragg law) such experiments as 2a, 5 and 6 
which do not essentially involve this law are 
outstanding examples of the discrepancy as 
reference to Fig. 3 shows. The remaining the- 
oretical assumptions 3, 4 and 5, however, seem on 
such a priori grounds more promising candidates 
for examination. 

From the present theoretical viewpoint, how- 
ever, changes in assumptions 3, 4 or 5 are about 
equally unpalatable. If we change 3 we strike 
directly at the tap root of modern quantum 
theory which has been elsewhere at almost 
countless points so uniformly and quantitatively 
successful. 

A change (4) of } percent downward in the 
velocity of x-rays at 20,000 volts relative to the 
low frequency Michelson value applicable in 
optics has the effect of modifying all the points 
in the diagram in which an observed x-ray wave- 
length must be converted to frequency by the 
relation y=c/X. This would involve experiments 
2a, 4b and 6 all of which have been done at or 
near the 20,000-volt region. (Here the desirability 
of extending the voltage range of these experi- 
ments becomes evident.) Experimental results 
such as 3 or 4a might suffer very slight modifica- 
tion of second-order smallness because the value 
of c to be used in their relativity correction 
formulae might be modified but this seems un- 
likely to be important. It is easy to show that 
the } percent change in c would shift lines 2a on 
the diagram of Fig. 3 by just the amount to give 
agreement with 1 and 5 but would also shift line 
4b to the right by the same amount while line 6 
would be shifted down by } percent. Fig. 4 shows 
how the diagram would then look. 

Such a change in assumption 4, ‘however, 
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Fic. 4. A consistency graph like Fig. 3 but modified by the assumption that for x-rays in the 20,000- 
volt region the velocity which must be used to convert from wave-lengths to frequency is } percent 


less than the accepted value for optical light. 


would require at least extensive revision and 
complication of relativity theory. It is not in- 
consistent with our best astronomical tests for 
the absence of dispersion in the propagation of 
radiation in vacuum to assume a } percent 
variation of c over the large indicated spectral 
range especially if the loss of velocity, as one 
would expect on a dispersion theory, varied 
directly as the square of the frequency, e.g. 
v,/c=[1—(hv/2mc*)? }!. The author has ex- 
amined the possibility that a type of “‘anoma- 
lous” dispersion in vacuum might exist with a 
critical frequency at the energy hvy=2mc’; 
“vacuum” for this purpose being indeed a 
medium in which the creation of pairs of nega- 


tive and positive electrons is foreshadowed at 
inferior frequencies by a dispersion effect just asa 
critical x-ray absorption by atoms affects the 
refractive index of x-rays.”* If this were correct 
it would be the first direct experimental evidence 
of the objective reality of Dirac’s concept of the 
“‘sea’’ of negative electrons in negative energy 


28 We know the ratio of velocities of x-rays in vacuum 
and matter to differ from unity only minutely (1/10*) but 
we have no accurate test as yet to reveal a slow change in 
velocity with frequency in vacuum. It may be argued that 
“‘pairs’’ cannot be formed in vacuum but require the 
presence of a nucleus both to satisfy the energy-momentum 
balance and to prevent instantaneous recombination. For 
a mere coherent dispersive effect without permanent pair 
formation the energy-momentum balance is satisfied with- 
out a third body and recombination need not be avoided. 
The objection is nevertheless a serious one. 
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Fic. 5. A consistency graph like Fig. 3 but modified by the assumption that the Bohr formula 
for the Rydberg wave number should contain an extra factor (1—a@) where a =1/137 is the fine 
structure constant of Sommerfeld. This is the same as saying that the familiar Rydberg formula 
holds but the numerical value of the Rydberg must be increased } percent. 


states pervading all otherwise empty space. 
Unfortunately such an attempt in the hands of 
the present author to construct a theory of 
anomalous dispersion with critical frequency at 
one million volts fails to yield the necessary 
} percent diminution in c at 20,000 volts. In fact 
the best that can be managed seems to be only 
about 1/12 percent at 20,000 volts instead of 
¢ percent. v,/c=[1—(hv/2mc*)?]}}=1—1/1250. 
The author does not regard the proposed modi- 
fication of velocity with enthusiasm. 


Unreliability of low voltage determinations of 
ionization and excitation potentials 


The author attaches little or no importance to 
the fact that experiment 2) (not plotted in the 
present diagrams) derived from measurements 
of critical ionization and excitation potentials 
(of a few volts only) seems to support the high 
voltage continuous spectrum x-ray measure- 
ments by also giving a “‘low’’ value of h/e. At 
face value this apparent support would im- 
mediately rule out the variation in ¢ as an ex- 
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planation of the discrepancy. But the author 
believes that measurements of ionization and 
excitation potentials in the low energy range are 
too unreliable to warrant such an argument. It 
has been shown * that in vacuum especially 
under bombardment, there form on metal sur- 
faces what are probably thin layers of insulating 
hydrocarbons in such a way that there is never 
any assurance that a metal surface is an equi- 
potential surface to within several volts. Only in 
the x-ray region do ionization and excitation 
potential measurements hold any promise. 

Figure 4, showing the general effect on our 
diagram of the proposed modification in the 
velocity of x-rays, is to be compared with Fig. 5 
which exhibits, as an alternative, the effect 
of introducing the factor (1—a) (for purely 
empirical reasons) into the Bohr-Rydberg for- 
mula. In Fig. 5 only one set of lines is displaced 
from the positions of Fig. 3. Probable errors are 
roughly indicated as before. In this connection 
it is well to recall the following property of the 
“error function.” 

The chance that an error shall occur greater 
than n times the ‘‘probable error”’ is given by the 
fraction in the right-hand column below 


n 1 2 3 4 5 
1/2 1/5. 1/23 1/143 1/1340 


Chance of error 


It is seen from Figs. 4 and 5 that judged by 
results there is not much to choose between a 
modification in the velocity of x-rays and a 
modification in the Bohr-Rydberg formula. It 
should be noted from Fig. 5 that the rectification 
- of the three cardinal groups of lines, 1a, 2a and 5, 
by the empirical introduction of (1—a) into the 
Bohr formula is accomplished at the rather heavy 
expense of throwing 3, 4a and 6 out of coincidence 
with the newly created intersection of the cardi- 
nal groups. 

Regarding the theoretical implications of a 
change in the Bohr-Rydberg formula by the 
addition of a factor (1—a) the situation is very 
discouraging. The author has consulted with 
many prominent theoretical physicists both in 
Europe and in the United States on this point 
and at the present time it seems impossible to 
modify theory in such a way as to explain such 


227A. E. Shaw, Phys. Rev. 44, 1009 (1933); 54, 193 
(1938); R. L. Stewart, Phys. Rev. 45, 488 (1934). 
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a factor in the formula (though changes of order 
e are entirely possible). Kramers® has suggested 
an effect of pair formation in the hydrogen atom 
which is unfortunately inadequate, we believe, 


both as to magnitude and sign of the correction. ° 


The present author has tried without success 
the idea that the center of charge of the electron 
in the hydrogen atom may not coincide with 
the center of mass. Certain very forced assump- 
tions will indeed permit a correction factor of the 
required form and sign but these assumptions 
violate the correspondence principle for large 
“orbits.’’ A major obstacle to the formulation of 
any modification in the Bohr formula for R is 
the fact that the series formula (1/n?—1/m?) is 
so rigorously obeyed by spectral lines.2! This 
obedience makes an escape to the requisite order 
of magnitude from the Coulomb law of force 
between nucleus and electron in the hydrogen 
atom practically impossible. 


Conclusion 


On the whole as a final summation of this 
review the present author feels inclined to con- 
clude that the most likely source of the dis- 
crepancy lies in the “low” continuous x-ray 
spectrum value of h/e with a fair chance that 
some unsuspected source of systematic experi- 
mental error may still be discovered by careful 
measurements with high spectral resolving 
power over a wider range of voltages. The 
possibility of revealing an important modification 
of theory in this way is also present. A glance at 
Fig. 3 shows that a revision of the results of this 
one experiment would go very far toward clearing 
up all difficulties. 
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On the Nuclear Magnetic Moments of the Boron Isotopes* 


S. Mittman, P. Kuscu Anp I. I. Rast 
Columbia University, New York, New York 
(Received May 25, 1939) 


The nuclear Landé g values of 5B'* and ,B" have been measured by means of the molecular 
beam magnetic resonance method, with the alkali tetraborates and metaborates. The values 
which were found are, in units of e/2 Mc, 0.597+0.003 and 1.788+0.005. The assignment of 
the observed g values to the appropriate isotopes is discussed with the result that the former 
is assigned to B'’ and the latter to B". If one assumes a value of 1 and 3 for the nuclear spins of 
B® and B", respectively, the magnetic moments are 0.597 +0.003 and 2.682+0.008 nuclear 
magnetons for the B!° and B" isotopes, respectively. 





HERE exists no spectroscopic data from 

which any information with regard to the 
spins or nuclear magnetic moments of ;B!° and 
5B" can be deduced. Because of its high boiling 
point and high ionization potential boron is not 
suitable for study with the method of atomic 
beams. The molecular beam magnetic resonance 
method,' however, is not subject to the same 
limitations because good detectable beams of 
molecules containing boron can be obtained. 

The molecules which were studied in the 
experiments to be described were Li2B,O;, 
NaeB,O;, KeB,O;, NaBOs and KBOs. The alkali 
content in these molecules makes their detection 
possible by means of the surface ionization 
detector. At temperatures in the neighborhood 
of 1100°K these compounds have vapor pressures 
which are sufficiently high (about 1 mm of Hg) 
to give molecular beams of requisite intensity. 

The apparatus used in these experiments and 
the procedure followed differed in no essentials 
from those previously described.! 

We find two resonance minima common to all 
molecules used in these experiments. We ascribe 
these minima to the B'° and B" nuclei. Typical 
resonance curves are shown in Figs. 1 and 2. 
Although we do not know what molecular species 
issue from our oven at the temperatures used in 
these experiments, it is certainly true that the 
molecules consist of boron in chemical combina- 
tion with alkali and oxygen atoms. Since the O" 
nucleus has no moment and since the only other 
constituents common to all the molecules are the 


* Publication assisted by the Ernest Kempton Adams 
Fund for Physical Research of Columbia University. 

‘I. I. Rabi, S. Millman, P. Kusch and J. R. Zacharias, 
Phys. Rev. 55, 526 (1939). 


boron nuclei, the resonance minima must be 
ascribed to the two isotopes of boron. 

The values of the nuclear gyromagnetic ratios, 
deduced from the observed frequencies and 
applied magnetic fields at resonance, are 0.597 
+0.003 and 1.788+0.005, referred to the g value 
of Li’ which we take as standard (for Li’ g = 2.167 
in units of e/2Mc). 

The signs of both g’s and, therefore, the signs 
of the nuclear moments are found to be positive 
from observations on the shift of the resonance 
minima with reversal of the homogeneous field 
direction. It has been pointed out in a previous 
paper’ that the procedure of obtaining resonance 
curves for opposite field directions is essential 
not only for sign determinations but also for 
accurate g measurements. Resonance curves 
obtained for only one field direction yield g 
values that are either too low or too high, 
depending on the direction of the field and on 
the sign of the nuclear moment. The g values 
deduced from the curves exhibited in Figs. 1 
and 2 are slightly low. 

The next problem in the interpretation of 
these experiments is the assignment of the 
observed g values to the appropriate isotopes. 
For this we have available the known abundance 
ratio of B" to B"’, 4 to 1, and our measurements 
of the depths of the resonance minima. It is 
necessary to notice that the fraction of molecules 
containing at least one B'® nucleus is 0.2 only 
for molecules containing one boron atom. This 
fraction is raised to 0.36 when there are two 
boron atoms in the molecule and to 0.59 for 
molecules containing four boron atoms. In the 


2S. Millman, Phys. Rev. 55, 628 (1939). 
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Fic. 1. Resonance curve of B" observed in Na2B,O; with 
a frequency of 2.494 x 10° sec.“ and an oscillating current 
of 16 amp. 


last case very nearly 100 percent of the molecules 
will contain at least one B" nucleus. Unfortu- 
nately we have no knowledge of the exact 
nature of the molecular species in the beam and 
consequently can make no prediction as to the 
fraction of molecules containing at least one B'® 
nucleus. For example, when the oven is charged 
with a metaborate there is no proof that the 
vapor is KBO, and not (KBO2),, with 2 2. 

We find that the larger g value is always 
associated with the deeper resonance minimum 
for all compounds loaded into the oven and for 
all amplitudes and frequencies of the oscillating 
field. The relative depths of the two resonance 
minima do vary with the value of the current 
which excites the oscillating field. For example, 
when the oven is charged with K.B,O; the ratio 
of the depth of the two resonance minima at 10, 
50 and 110 amp. are 7.2, 4.2 and 2.7, respectively. 
The depth ratios are approximately the same 
for metaborates as for tetraborates. The largest 
depth observed for the resonance minimum of 
the larger g, with a current of 110 amp., was 
27 percent of the total beam intensity. 

The observed depth ratios seem to point 
toward the assignment of the larger g value to 
B". We must take cognizance, however, of the 
circumstance that a part of this favorable ratio 
is due to the greater sensitivity of our apparatus 
to large g values. The magnitude of the nuclear 
g determines the change in the over-all magnetic 
moment of the molecule in the direction of the 
field when a reorientation takes place, and, 
therefore, the fraction of reoriented molecules 
that miss the detector. For this reason alone a 
g value of 1.8 would give a resonance minimum 
about twice as deep as one of 0.6. When this 
effect is taken in consideration the depth ratios 
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Fic. 2. Resonance curve of B'® observed in K2B,O; with 
a frequency of 0.845 X 10° sec. and an oscillating current 
of 20 amp. 


cited above become considerably smaller, al- 
though they are still in favor of the suggested 
assignment. 

We must consider the possibility that the 
molecular interaction for the two nuclei is 
sufficiently different to cause a deeper observed 
minimum for B'® even though this nucleus is not 
as abundant as B". This is especially pertinent 
for the tetraborates, where 59 percent of the 
molecules contain B'*. The difference in molec- 
ular interaction does not have to be very large 
in this case to give an inverted depth ratio. 
In a previous paper® the dependence of the depth 
of the resonance minimum on molecular inter- 
action has been briefly discussed. The nature of 
this dependence is as yet not understood. Our 
interest in this interaction is confined, at present, 
to its effect on the proper assignment of the 
observed g values. 

The strongest evidence for our assignment is 
furnished by a consideration of the maximum 
observed depth of 27 percent for the resonance 
curve of the larger g. If we assume that this 
minimum corresponds to B'° and further assume 
the very unfavorable case of a molecule con- 
taining four boron nuclei, then 46 percent of 
the molecules containing at least one B'° nucleus 
have missed the detector due to reorientations 
of B® nuclei in the oscillating field. From our 
experiences with other substances we find this 
to be a very unusual amount for a nucleus which 
produces a resonance curve as broad as that 
shown in Fig. 1. In fact we have never observed 
such a phenomenon. If, on the other hand, we 
assign the larger g to B", then 27 percent of the 
molecules containing B" have missed the de- 
tector due to reorientations. This is a reasonable 


3P. Kusch, S. Millman and I. I. Rabi, Phys. Rev. 55, 
1176 (1939). 
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MAGNETIC MOMENT OF 


amount and more nearly in line with our 
expectations. 

The preponderance of evidence is thus defi- 
nitely in favor of the assignment first suggested. 
We conclude that the g value of 1.788 is to be 
assigned to B" and the value 0.597 to B. 

To obtain magnetic moments from the experi- 
mentally measured g values we must make some 
assumptions with regard to the nuclear spins. 
In its present state our method does not measure 
nuclear spin directly. 

The most reasonable assumption for the spin 
of B" is 3. The fact that the g of B" is positive 
and has a value of 1.788 makes it difficult to 
assign a spin of 3} to this nucleus because the 
moment would then be 0.894 and positive. Now 
a nuclear spin of 3 arising from the uncompen- 
sated proton spin and from some _ possible 
angular momentum will form a combination 
something like 7S, or ?P;. A 2S, state should 
have a moment close to that of the proton, 
2.785,4 as in the case of F’®, whose moment is 
2.622.1 A ?P, state should have a negative 
moment because the proton moment, which is 
considerably larger than the moment arising 
from the orbital angular momentum, is oriented 
antiparallel to the total angular momentum. 
These simple considerations lead to the conclu- 
sion that the spin of B" is greater than }. 
Whether or not it is greater than is difficult to 
predict from our experimental results. However, 
if one assumes 3, the value of the magnetic 
moment of B" is 2.682+0.008 nuclear magne- 


‘J. M. B. Kellogg, I. I. Rabi, N. F. Ramsey, Jr. and 
J. R. Zacharias, Phys. Rev. 55, 595 (1939). 
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tons, which is slightly less than the proton 
moment. The orbital contribution is apparently 
negative, instead of +0.47 as in Li’ which has 
a spin of $. Our results are to be compared with 
the predictions of Rose and Bethe® of a spin of 
$ and a moment of 3.43 for the B" nucleus. 
These authors calculated on the basis of a 
Hartree model. Sachs,‘ using an a-particle model, 
predicts a moment of —0.44 if the spin is } and 
a moment between 1.5 and 3.2 if the spin is 3. 

B'® is one of the four stable nuclei having an 
odd number of neutrons and a like number of 
protons. The other members of this group, 
1H?, sLi® and ;N™, are known to have a spin of 1. 
It is natural to assume the same spin value for 
5B", in line with the prediction of Rose and 
Bethe® and that of Feenberg and Wigner.’ On 
the basis of this assumption the nuclear magnetic 
moment of B® is 0.597 +0.003 nuclear magneton. 
Arranged in order of increasing atomic number 
the moments form a monotonically decreasing 
progression. 


1H? 0.8544 
3Li® 0.820! 
5B 0.597 
7N" 0.402* 


hd sequence may be due to the gradual 
inception of a *D, state of the nucleus as sug- 
gested by Feenberg:and Phillips® for N™. 

The research has been aided by a grant from 
the Research Corporation. \. 

*M. E. Rose and H. A. Bethe, Phys. Rev. 51, 2035-41937), 

®R. G. Sachs, Phys. Rev. 55, 825 (1939). nee 


7 E. Feenberg and E. Wigner, Phys. Rev. 51, 95 (1937). 
8 E. Feenberg and M. Phillips, Phys. Rev. 51, 597 (1937). 
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Study of Uranium and Thorium Fission Produced by Fast Neutrons of 
Nearly Homogeneous Energy 


R. LApENBURG, M. H. KANNeR, H. BARSCHALL AND C. C. VAN VooruHIs 
Palmer Physical Laboratory, Princeton, New Jersey 


(Received May 22, 1939) 


We have determined the effective cross section of the uranium and thorium fission for d-d 
neutrons of 2.4 Mev and found the values 5 X 10-*> cm? and 1 X107*5 cm’, respectively, with an 
uncertainty of about 25 percent. We have further shown that the ratio of the cross sections 
for Th and U fission is the same within 10 percent for neutrons of 2.1, 2.4, 2.9 and 3.1 Mev 


average energy. 





HE discovery, by Hahn and Strassmann,! of 

the ‘‘fission’’ of uranium and thorium into 
nuclei of medium mass and charge under neutron 
bombardment has opened a new field of research. 
A successful interpretation of this process has 
been given by Meitner and Frisch? on the basis 
of Bohr’s liquid-drop model, and Bohr* has 
drawn attention to the variation of the cross 
sections for the various transmutation processes 
in uranium and thorium with neutron energy. 
In this connection Professor Bohr raised the 
question of the behavior of uranium and thorium 
under bombardment by homogeneous neutrons 
of variable energy. The problem has been at- 
tacked in this laboratory using the homogeneous 
d—d neutrons produced by the bombardment of 
heavy ice with deuterons: from our 400-kv 
transformer-rectifier set.‘ It is possible to vary 
the energy of the neutrons between 2.1 and 
3.1 Mev by varying the angle of observation 
with respect to the deuteron beam. The yield of 
the fission processes was observed by the method 
first used by Frisch,° i.e., by the observation of 
the high energy fragments in a parallel-plate 
ionization chamber connected to a linear ampli- 
fier and scale-of-eight counting unit. The ioniza- 
tion chambers used were lined with finely 
powdered U;0O, and ThOs, respectively. The 
chambers were placed approximately 10 cm from 
the target, which was bombarded by 60—-80yua 
of D.+ ions or by 20—30ua of Dt ions at 370 kv. 


10. Hahn and F, Strassmann, Naturwiss. 27, 11 (1939). 

2L. Meitner and O. R. Frisch, Nature 143, 239 (1939). 

3.N. Bohr, Phys. Rev. 55, 418 (1939). 

4See R. Ladenburg and Richard B. Roberts, Phys. Rev. 
50, 1190 (1936); Richard B. Roberts, Phys. Rev. 51, 810 
ned R. Ladenburg and M. Kanner, Phys. Rev. 52, 911 
(1937). 

50. R. Frisch, Nature 143, 276 (1939). 


The neutron yield is about the same in either 
case and corresponds to 5-10 g Ra+Be. The 
current was measured by an integrating device 
operating a mechanical counter, controlled by 
the switch which also controls the recorder of the 
linear amplifier. The important datum here is 
the “‘yield,’’ that is, the number of fissions ob- 
served per microcoulomb of bombarding deu- 
terons. The proportionality of the neutron yield 
to the integrated current was established in 
earlier measurements. 

The results of a large number of runs are 
contained in Table I. Column 1 gives the angle a 
between the deuteron beam and the direction of 
observation, and column 2 gives the energy and 
type of ion used. Column 3 gives the mean 
neutron energy, calculated from the conservation 
equations putting Q=3.2 Mev, and column 4 
shows the energy spread. The spread given is 
due principally to the finite thickness of the ice 
target and very little to the finite solid angle 
subtended by the ionization chamber.* It may be 
calculated from the excitation function of the 
reaction, which is well known.‘ The lower limit 
given is that at which the number of neutrons 
per unit energy interval is 10 percent of that at 
the upper limit. We have not taken into account 
the presence of one-Mev neutrons reported by 
Bonner; due to their small relative abundance 
we do not think that their effect on the fission is 
significant, especially in view of the results at 
0.5 Mev reported by Roberts, Meyer and 
Hafstad.’? The last column of the table contains 


6 This holds for 0° and for 148°; at 90° the finite thick- 
ness of the target has relatively less and the finite solid 
angle has more influence upon the spread of the energy. 

7 Roberts, Meyer and Hafstad, Phys. Rev. 55, 416 
1939). 
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the ratio of thorium to uranium fission yields, 
together with their probable errors. These values 
show that the yield ratio is constant to within 
10 percent in the energy region investigated. 
The value at 2.1 Mev is slightly higher than the 
others, but the precision of the measurements is 
not sufficient to make this very significant. 

It is possible also to determine roughly from 
these measurements the variation of the indi- 
vidual Th and U cross sections with neutron 
energy. However, the angular distribution of the 
d—d neutrons is known only approximately,’ and 
therefore we can say only that the cross sections 
for fission of U and Th do not change by more 
than 30 percent in the energy range investigated. 
This result seems surprising at first sight in 
view of the fact that at 0.5 Mev the fission of U 
is very small and that of Th is not even measur- 
able,’ and that according to new experiments? 
both cross sections increase rapidly above 0.5 
Mev. However, according to a paper of Bohr 
and Wheeler to appear in the near future, these 
facts can be understood in terms of the com- 
petition in the compound nucleus between the 
fission process and the process of neutron escape. 
In the energy region with which we are con- 
cerned, the fission cross section will in fact be 
determined by the ratio of the probabilities for 
fission and for neutron escape; and whereas the 
first of these increases more rapidly at lower 
energies than those with which we deal in this 
paper, it seems reasonable that the two proba- 
bilities will rise at comparable rates at higher 
energies. 

It should be noted that the Th to U yield ratio 
given in column 5 of Table I does not represent 
the true cross section ratio, since there is a 
large uncertainty in the amounts of Th and U 
effective in the chamber. This is due to the way 
the powders were fastened to the chamber walls, 
and also to ignorance of the range-energy relation 
for the fragments in ThO, and in U;Os. The 
true values of the cross sections can be obtained 
only by the use of ionization chambers coated 
with known amounts of Th and U, arranged in 
layers thin compared with the range of the 


8’ A. E. Kempton, B. C. Browne and R. Maasdorp, Proc. 
Roy. Soc. A157, 394 (1936). 

* Private communication from the Department of Ter- 
restrial Magnetism, Carnegie Institution of Washington. 


TABLE I. Data on fission by neutrons of varying energy. 








AVERAGE 
NEUTRON SPREAD OF 
a ENERGY | THE ENERGY | YIELD Th/U 





148° | Molecules of 370 kv | 2.11 Mev | 2.06-2.18 Mev | 0.392 +0.012 
90° | Molecules of 370 kv | 2.44 Mev | 2.33-2.55 Mev} 0.35240.013 

0° | Molecules of 370 kv | 2.9 2.75-2.98 Mev | 0.365 +0.010 
0° | Atoms of 350 kv 3.12 Mev | 2.85-3.24 Mev | 0.370+0.015 























fragments (2-3 cm in air). This condition was 
met, and the true cross sections determined by 
sputtering a layer of approximately 0.2 mg/cm? 
of U or Th on a thin platinum plate in an atmos- 
phere of argon,'® and using this plate as one of 
the electrodes in the parallel plate ionization 
chamber. The amount of material present in the 
case of U was determined both by careful weigh- 
ing of the Pt before and after sputtering, and by 
counting the U alpha-particles. The Th could be 
determined only by weighing, and not by count- 
ing the Th alpha-particles, due to uncertainty 
in the retention of thorium emanation and its 
decay products in the thorium layer. 

This ionization chamber was bombarded by 
the 2.4-Mev neutrons emitted from the heavy ice 
target at 90° to the beam of deuteron mole- 
cules accelerated by 356 kv. The absolute 
number of these neutrons per microcoulomb of 
deuterons is known from our former calibration.‘ 
Its value is 2.34 10° neutrons per microcoulomb 
of deuteron atoms of 100 kv and therefore 
N=2X2.34-10°X3.36=1.58-10° neutrons per 
microcoulomb of deuteron molecules at 356 kv; 
3.36 is the increase of the yield from 100 to 178 kv 
according to our excitation function. At a dis- 
tance d=9.4 cm from the target we obtained 
n=4.04-10-% fission per microcoulomb for 2.36 
mg U and »=1.95-10- fission per microcoulomb 
for 5.5 mg Th. If a is the number of atoms of U 
or Th on the bombarded plate, the effective 
cross section for the fission process is 


o=n4nd?/aN. 


In this way we find for uranium ¢=5X10~-*° cm? 
and for thorium o=1X10-** cm’, with an un- 
certainty of about 25 percent which is mainly 
due to the uncertainty in the absolute number of 


1° As cathodes in the sputtering process we used pure 
uranium and thorium rods kindly furnished by Drs, 
Rentschler and Marden of the Westinghouse Company. 
Other uranium samples used we owe to Dr. H. B. Wahlin 
of the University of Wisconsin. 
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neutrons and to some extent to the question of 
whether part of the uranium and thorium metal 
was oxidized, so that the number of metal atoms 
present may be somewhat less than that calcu- 
lated from the weight. By surrounding the ioniza- 
tion chamber with a shield of Cd } mm thick, we 
made sure that no slow neutrons (below a few 
volts energy) were present. The cross section for 
thermal neutrons of the fission process in U has 
been determined in the Pupin Laboratory of 
Columbia to be between 2.5 and 3X10-*4 cm?, 
whereas the average cross section for the com- 


POLLOCK AND F. S. 


COOPER 


plicated spectrum of fast neutrons from a Rn-Be 
source was found to be about 1X 10-?° cm?." 

It is a pleasure to thank Professor Niels Bohr 
for his stimulating and continued interest. We 
wish also to thank Mr. W. Hane for valuable 
help in these experiments. The high voltage 
apparatus we owe to a grant from the Rockefeller 
Foundation. 
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1H. L. Anderson, E. T. Booth, J. R. Dunning, E. Fermi, 
G. N. Glasoe and F. G, Slack, Phys. Rev. 55, 512 (1939); 
E. T. Booth, J. R. Dunning and F. G. Slack, Washington 
meeting Bulletin 1939, paper 68. 
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The Effect of Pressure on the Positive Point-to-Plane Discharge in N., O., CO,, 
SO., SF,, CCI1.F;, A, He, and H, 


H. C. Po_Ltock AND F. S. Cooper 
Research Laboratory, General Electric Company, Schenectady, New York 


(Received May 8, 1939) 


The voltages at which corona first appears in a 3-mm point-to-plane gap and the breakdown 
voltage of the gap have been determined with Ne, O2, COs, SOx, SFs, CCl.F2, A, He, and He, 
and certain mixtures of these gases. This has been done with both positive and negative point 
polarity and over a pressure range of about 30 atmospheres. The types of corona which were 
observed are discussed and in particular the marked dependence of the positive point break- 
down voltage on pressure in those gases which form negative ions. 


INTRODUCTION 


HE familiar increase in sparking potential 

of a gap with gas pressure does not continue 
indefinitely with every gas for all gap geometries. 
Investigations of the sparking potential vs. pres- 
sure characteristics of air in positive point-to- 
plane gaps have shown that distinct maxima in 
the curves exist near the pressure of 10 atmos- 
pheres. The maxima first become noticeable with 
gap widths above one mm and are more promi- 
nent as gap widths are increased. Goldman and 
Wul,' who have recently studied this effect in 
nitrogen with constant potential, alternating 
voltage and impulse voltages applied to the point, 
show that at high pressures a discharge often 
requires a much lower voltage to propagate itself 
across a gap of several centimeters width than it 
requires at slightly lower pressures. As con- 
11, Goldman and B. Wul, Tech. Phys. U.S. S. R. 1, 497 


(1935); 3, 16 (1936). I. Goldman, Tech. Phys. U.S. S. R. 5, 
355 (1938). 


siderable corona precedes sparking below this 
transition pressure, Goldman and Wul suggest 
that the shape of the sparking curve for a given 
gap depends largely on field distortion due to 
space charge around the point. We are reporting 
in this paper a similar study of Ne, O2, COs, SFs, 
CCleF2, A, He, He, and of certain mixtures of 
these gases. We have also observed with an 
oscillograph the general character of any corona 
preceding breakdown. The types of corona which 
we discuss are very similar to those which Loeb,’ 
Kip,’ and Trichel* have studied in air at atmos- 
pheric pressure. 


APPARATUS 


The chamber in which the electrodes were 
placed (shown in Fig. 1) consisted of a glass tube 


2L. B. Loeb and A. F. Kip, J. App. Phys. 10, 142 


(1939). 

3A. F. Kip, Phys. Rev. 54, 139 (1938); 55, 549 (1939). 
6G. W. Trichei, Phys. Rev. 54, 1078 (1938); 55, 382 
1939). 
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(A), 33” in diameter, sealed at each end to 
Fernico sleeves (C), which were in turn soldered 
into grooves in brass end plates (B). The glass 
cylinder was held in a large Herkolite cylinder 
(G), which forms at the same time a pressure tank 
and a high voltage bushing. Although the glass 
cell alone will only stand a pressure of 100 
lb./sq. in., the Herkolite cylinder makes it possi- 
ble to work with pressures of 600 Ib./sq. in. The 
electrodes, held by rods from the end plates, 
were in these experiments a 1” hollow nickel 
sphere (D) and a tungsten wire (£) which had 
been ground to a point whose hemispherical end 
had a radius of curvature, as measured with a 
microscope, of 0.25 mm. The point electrode was 
insulated from ground by a glass seal (F). During 
later experiments the supporting rod was 
replaced by a small pressure-tight caliper head 
which permitted adjustment of the electrode 
spacing while the cell was filled with gas. 

Voltage was supplied from a 100-kv trans- 
former with a full-wave rectifier and filter 
circuit. A 5-megohm liquid resistor was placed 
in series with the gap to limit the sparking 
current and so avoid melting the point. To 
measure the voltage a 400-megohm resistor with 
a microammeter in series was connected from 
the high voltage electrode to ground. The current 
was measured both with an ultra-sensitive mi- 
croammeter and, alternatively, with a cathode- 
ray oscillograph. With the latter the character 
of the current could be observed when the 
amplifier was used. These instruments were 
protected from impulse surges by an argon- 
filled tube placed in parallel. The oscillograph 
was provided with a single sweep circuit to 
permit photographs to be made of a single 
transit of the beam. 

An x-ray tube, placed above the Herkolite 
cylinder, made it possible to irradiate the gap. 
Those curves labeled ‘x-ray measurements’ 
were taken when the tube was operating at 80 kv 
with a current of 5 milliamperes. 

The gases were of ordinary commercial purity, 
except the nitrogen,’ which contained less than 
five parts per million of impurities other than 
rare gases. This special nitrogen was used, since 


small quantities of impurities, such as oxygen, 


5 Provided by the Incandescent Lamp Department, 
General Electric Company, Cleveland, Ohio. 
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Fic. 1. Test cell installed in pressure jacket. 


capable of forming negative ions, affect con- 
siderably the spark characteristics of a positive 
point in a gas whose molecules do not readily 
form negative ions. For a study beyond the 
survey which we have intended, it would be 
essential to purify each gas, particularly nitrogen, 
helium, hydrogen, and argon, and to avoid 
possible contamination by the test equipment. 
Gas pressures were measured with several new 
three-inch gauges of standard Bourdon type. 


PROCEDURE 


Before each experiment the test cell was 
evacuated and flushed with gas several times. 
Then with the cell filled to the desired pressure, 
and the air pressure in the Herkolite cylinder 
adjusted to the same value, voltage was applied 
from the Kenotron set to the high voltage end of 
the bushing. The voltage was raised slowly until 
both the initiation of corona and breakdown 
were recorded. This procedure was repeated 
several times to obtain each point shown on the 
curves. If there was as much as ten percent 
scatter in the voltage values, usually six or more 
repetitions were made. Similar-data were then 
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taken with the polarity reversed, before gas was 
added to the cell for measurements at the next 
pressure. This procedure was varied in a number 
of ways, and the sparking values were found to be 
substantially the same as long as a minute or 
more elapsed between successive measurements. 
To check the reality of the maxima, additional 
data were taken in their vicinity. With some gases 
a complete refilling of the cell after a spark would 
raise the first subsequent measurement of the 
corona initiation voltage. The corona initiation 
voltage was usually lowered by x-ray irradiation. 
It appears that corona onset curves are sensitive 
to the presence of ionization in the cell. 

When sparking occurs at high pressure, the 
protective gap sparks vigorously. In some gases 
at low pressures, corona does not change to a 
definite spark discharge as the voltage is in- 
creased, and so the breakdown voltage must be 
considered that at which the voltage-current 
characteristic of the gap becomes negative. 

The point and sphere were cleaned and ex- 
amined occasionally. No perceptible alterations 
in point diameter and shape were observed 
throughout the set of experiments. 


1+ | spark breakdown (S) appear in 

OR various gases in a 3-mm point- 
= to-plane gap. The polarity indi- 
cated is that of the point elec- 
trode. 
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DISCUSSION 


The experimental results with a gap width of 
3 mm for a number of gases and mixtures are 
plotted in Figs. 2 and 3. 

The +C and —C curves indicate the voltages 
at which, with the point respectively positive and 
negative, evidence of corona first appears on the 
oscillograph. At this onset voltage the beam is 
deflected by sudden pulses, isolated from one 
another, and random in time (Fig. 5A). The +S 
and —S curves indicate the spark or glow dis- 
charge voltages. For those gases in which for a 
particular polarity no corona, or only one or two 
pulses, preceded the spark, the C curve has been 
omitted. At sufficiently high pressures, with the 
point positive, corona does not precede sparking 
in most gases, so the +C curves merge with the 
+S curves. 

At lower pressures and with positive point, 
there is a fairly wide corona region in all gases 
which readily form negative ions. One observes 
with the oscillograph, as the voltage is raised 
slightly above the onset voltage, that the isolated 
pulses are replaced by another pattern, which has 
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been termed by Loeb ‘“‘burst corona.” (See Fig. 
5B.) There is now a d.c. component, and the 
fluctuating component represents only about five 
percent of the total current. Usually the burst 
pattern begins after one of the kicks which is 
produced by the intermittent corona first ob- 
served. As the voltage is raised, the burst corona 
increases rapidly in magnitude. Just before the 
spark, isolated kicks, which are superimposed on 
the burst pattern and are much higher, may 


reappear. 
In the region of intermittent corona the posi- 





tive point acts somewhat like a Geiger counter. 
This can be interpreted in the following manner: 
Single electrons or ions, approaching the point, 
produce an electron avalanche by collision 
ionization in the high field region. The electrons 
produced flow to the point, and the positive ions 
remain to distort the field and virtually to 
prolong the positive point. Moreover, radiation 
emitted in the course of the avalanche process 
will have ionized photoelectrically some mole- 
cules outside the avalanche region. These elec- 
trons are available to produce new avalanches 
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Fic. 4. Corona current vs. applied d.c. voltage for sul- 
phur hexafluoride in a 3-mm point-to-plane gap, point 
positive. 


and so to extend the space charge further into the 
gap. The incipient streamer advances until it is 
extinguished in the low field region away from the 
point. Negative ion formation in the body of the 
streamer as it builds outward may tend to choke 
off the streamer by interfering with electron flow 
to the positive point. The number of streamers 
formed can be increased greatly by introducing 
an external source of ionization, and, with the 
x-ray irradiation which we used, the onset 
voltage is lowered, as has been indicated by the 
“C with x-ray” curves on some of the figures. 
Kip discusses this effect when radioactive ma- 
terial is used to increase the ionization in a gap. 
As the voltage is raised slightly, burst corona 
sets in, indicating that some of the electrons 
which are photoelectrically produced as the 
streamer travels away from the point are 
effective in producing other avalanches into the 
point, and a succession of such avalanches, 
constituting a burst, may produce enough ioniza- 
tion so that the whole region about the sharp 
point shows a slight glow. Near the onset 
potential bursts may be intermittent, but when 
the point potential is raised slightly, one observes 
a stabilized burst corona which is continuous 
because of an adequate supply of photoelectrons 
and negative ions in the gap. As the voltage 


increases, the current increases very rapidly. 
Typical current-voltage curves at various pres- 
sures are shown in Fig. 4 for sulphur hexafluoride. 
The sharp kicks which reappear just before 
breakdown probably indicate the formation of 
streamers from the edge of the burst region as it 
extends outward across the gap. The streamers 
can no longer be extinguished by space charge; 
they extend toward the cathode and, eventually, 
crossing the gap, result in breakdown. 
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Fic. 5. Typical oscillograms of positive point streamer 
(A) and burst corona (B). In (B) the large d.c. component 
does not appear. 











Streamers from a positive point occur in 
hydrogen, helium, argon, and nitrogen, but we 
have failed to observe a continuous burst corona 
pattern similar to that in gases which readily 
form negative ions. In hydrogen the oscillograph 
shows a rapid and regular succession of small 
streamer-like pulses. While some stabilizing 
influence prevents spark breakdown, it is evident 
from the oscillograph that the process differs 
from that in negative-ion-forming gases. In the 
other gases the individual streamers are able to 
propagate entirely across a short gap before a 
sufficient number of streamers form simultane- 
ously to give burst corona; i.e., the region of 
intermittent corona extends to the breakdown 
voltage. Thus the formation of negative ions 
in some gases is able to stabilize a continuous 
burst corona as well as to choke off extensive 
individual streamers. Also, negative ion forma- 
tion is largely responsible for the observed high 
dielectric strength of these same gases.*® 


*E. E. Charlton and F. S. Cooper, Gen. Elec. Rev. 40, 
438 (1937). 
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EFFECT OF PRESSURE ON SPARK CURVES 


It might be supposed that the stabilizing 
influence on positive-point corona due to the 
negative ions formed in some gases might be 
effective at all pressures. Experimentally this is 
not the case, and one must explain why negative 
ions do not effectively stabilize corona above a 
certain critical pressure. The transition seems to 
be due to so rapid an increase in the rate of 
positive ion formation in a streamer that it can 
no longer be offset by the formation of negative 
ions. This follows logically from the behavior of 
Townsend’s ionization coefficient, a, with pres- 
sure, p. Since a/p varies approximately as E/p, 
where E is the gradient, a then increases about as 
rapidly as the pressure throughout the low 
pressure range where the breakdown voltage vs. 
pressure ¢urve is linear. This linear increase in a 
results in an exponential increase in the number 
of positive ions. The number of negative ions 
formed is to a first approximation a fraction of 
the number of positive ions. However, the net 
charge density depends on the difference between 
the number of positives and negatives, and so 
tends to increase very rapidly with pressure. The 
accompanying rapid increase in gradient at the 
tip of a streamer will therefore result in the 
certain propagation of any initial streamer to 
complete breakdown. The rate at which positive 
ion formation increases with pressure should 
result in a sudden transition from a region of 
stabilized corona to a region where breakdown is 
initiated by the first streamer. This transition, as 
indicated by the curves for SFs, CCl2Fs, etc., is 
observed to be quite abrupt. 

A justification of the above argument by 
numerical calculations would be complicated, 
since the number of positive ions produced in a 
moving streamer depends on factors such as the 
velocity of streamer propagation, streamer diame- 
ter, electron production by photons absorbed 
ahead of the streamer, and electron capture to 
form negative ions. Also, the relative number of 
negative ions will vary with pressure and as the 
volume of that region of field in which they can 
exist varies. Finally, the life of an individual 


negative ion will become considerably shorter 
when the current through unit cross section of 
streamer increases with pressure. 


EFFECT OF X-RAYS AND DIFFUSION 


The increase of strength which x-ray irradi- 
ation produces in some gases beyond the maxi- 
mum probably arises because the ionization from 
this source makes more uniform the outer edge of 
the burst corona region and stabilizes the 
avalanches which compose this corona. Streamers 
are less able to escape from the edge of the burst 
corona discharge toward the cathode. At higher 
pressure the x-ray irradiation lowers the gap 
strength, for then it is a question only of releasing 
the first streamer on its path across the gap. The 
higher values when there is no irradiation reflect 
the effect of spark lag. 

Diffusion has a role similar to negative ion 
formation in that it decreases the field at the tip 
of a streamer and in other regions where space 
charge gradients tend to be high. Howell’ has 
recently shown how diffusion may increase spark 
voltages and the pressure at which the maxima 
appear. In Fig. 3 the +. curves for the two 
oxygen-helium mixtures show this effect. A com- 
parison of the curve for the oxygen-argon mixture 
with that for the corresponding oxygen-helium 
mixture shows how much greater is the shift of 
the pure oxygen maximum with the lighter gas. 
The position of the maximum for oxygen-nitrogen 
mixtures seems not to be dependent on the 
composition. But with mixtures of low oxygen 
content, burst corona yields place to intermittent 
corona. In hydrogen the + S curve is higher than 
the —S curve. 

All of these curves were obtained with a 3-mm 
gap. Some preliminary experiments being made 
with greater spacings indicate that the principal 
effect of increasing the spacing is to shift the 
curves along the y axis. This appears to be true 
both for the pure gases and for mixtures. 

In conclusion we should like to thank Dr. A. 
W. Hull and Dr. E. E. Charlton for their 


suggestions and interest in this investigation. 


7A. H. Howell, Elec. Engineering, 58, 193 (1939). 
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Temperature Parameters from Negative Bands of Nitrogen under 
Excitation by Electron Impact 


O. S. DUFFENDACK AND KuANG-TsENG CHAo* 
University of Michigan, Ann Arbor, Michigan 


(Received May 29, 1939) 


In a field-free space, temperature determations along 
the axis of the discharge tube have been carried out from 
measurements on the intensity distribution of the negative 
bands of nitrogen under different excitation conditions. 
The indicated temperatures were compared with the true 
gas temperatures directly measured by a thermoelement 
and found to be the same. From a heat conduction con- 
sideration, a theoretical formula has been derived in terms 
of Bessel functions, which gives calculated values in good 
agreement with the experimental results. The variation of 
temperature with gas pressure was determined and it was 
found that the change of the thermal conductivity of the 
gas within the experimental range could account for the 
results. The temperature variation with current under 
different positions of the tube was ascribed to the effect of 
convection currents. The indicated temperature was 
experimentally proved to be independent of the acceler- 


ating potentials from 20 volts to 800 volts. The non- 
transference of energy between electrons and molecular 
rotation was attributed to the large difference of the 
masses of the electrons and nitrogen molecules. 

The temperature distribution between the electrodes in 
a low voltage arc has been investigated. The fact that in 
this case, the temperature increases with potential applied 
to the arc was explained by the fact that the energy of 
the positive ions, which increases with field, is readily 
transferred to the gas molecules. When the negative 
bands were excited by collisions of the second kind, it was 
concluded that some of the surplus energy goes into 
molecular rotation during the process of the collisions. 
In a cold cathode glow discharge, gas temperatures as 
well as electron temperatures were measured. The results 
showed that both these temperatures were higher near 
the cathode fall space. 





INTRODUCTION 


HE intensity measurements of individual 
lines in a band will lead to information of 
the relative populations of the rotational energy 
states of the radiating molecules. The collective 
description of the distribution of the molecular 
energy states is made possible by means of a 
so-called temperature parameter or effective 
temperature. It is worthy of note that under 
various excitation conditions, the distribution is 
such that it can be described by a temperature 
parameter. Any variation of the temperature 
parameter will correspond to a new distribution 
of the molecules among the energy states. If 
there exists a thermal equilibrium between the 
excited molecules and those in the ground states, 
the temperature parameter will be equal to the 
true temperature of the source. But in cases 
where conditions are far from thermal equilib- 
rium, temperature determinations from the in- 
tensity distribution of bands will yield results 
which are still significant to an interpretation of 
the excitation conditions. 
A wide range of temperature variations has 


* Research Fellow of the China Foundation for the Pro- 
motion of Education and Culture. 


been found by many investigators'~* employing 
the negative bands of nitrogen which are par- 
ticularly suitable for this investigation because 
of the numerous lines in the bands and the suffi- 
cient width of the line separations for complete 
resolution by a prism spectrograph. Duffendack, 
Revans and Roy® have measured the tempera- 
ture parameter in a low voltage arc where posi- 
tive ions and electrons can gain considerable 
energy from the field and so the determined 
temperature, which represents the mean kinetic 
energy of the various particles in the source, is 
not the true temperature of the gas. It is interest- 
ing to see how the temperature behaves in a 
source where the field is comparatively negligible. 
It is the purpose of the present work to study 
the temperature distribution along a beam in a 
field free space and to compare the temperature 
directly measured by a thermoelement with that 
indicated from intensities of bands produced un- 
der various excitation conditions. Such studies 

1L. S. Ornstein and W. R. van Wijk, Zeits. f. Physik 
49, 315 (1928). : 

2 W. R. van Wijk, Zeits. f. Physik 59, 313 (1930). 

3 A. E. Lindh, Zeits. f. Physik 67, 67 (1931). 
(1935) Thompson, Proc. Phys. Soc. 46, 436 (1934); 47, 413 


5 Duffendack, Revans and Roy, Phys. Rev. 45, 807 
(1934). 


176 














TEMPERATURE 


are important in the investigation of the transfer 
of energy from electrons to molecules and also 
in the explanation of the development of heat 
in electric discharges. 

The intensity of a spectral line emitted from 
an assemblage of radiating systems depends on 
the number of particles in the initial state, the 
transition probability, and the emitted frequency 
associated with two states in the radiating 
particles. By the extension of Einstein’s theory® 
and through the correspondence principle, the 
intensity expression can be shown to be 


649r4y; AN 


dg. 2 74!) p—EjlkT 
a giP*(jj')e ; (1) 


I 


in which »,;/ is the radiating frequency for the 
transition jj’, N the total number of molecules 
present, g; the statistical weight, and P(jj’) the 
electric moment for the transition. o is the 
Zustandssumme Ygje~*i'*", where k is Boltz- 
mann’s constant and £; the energy of the particle 
in the initial level 7. For molecules of given 
electronic and vibrational transition, the Boltz- 
mann factor in the above expression can be 
replaced by exp [ —J’(J'+1)h?/82°I'kT ], where 
J’ is the rotational quantum number in the 
initial state, J’ the moment of inertia of the 
molecule in the initial state, and T the tempera- 
ture parameter corresponding to a thermal equi- 
librium. For the negative bands of nitrogen, the 
product of g; and P?(jj’) was shown by Mullikan’ 
to be proportional to J’ for the R branch and to 
J’'+1 for the P branch. As the spread of the lines 
within a band covers only a very short region of 
wave-lengths, the correction factor »;;-4, in this 
case may be considered constant. Hence the 
intensity relation for the R branch becomes then 


I=CT" exp[—J'(J’'+1)h2/8r2I'RT], — (2) 


in which C is a constant or nearly so in a given 
band. 

If the distribution of energies of molecules 
amongst the initial rotational levels for an 
emission band is Maxwellian, the temperature 
parameter can be determined from the slope of 
a log (J/J’) vs. J'(J'+1) plot. The temperature 
determined in this way can be checked by 


6 A. Einstein, Physik. Zeits. 18, 121 (1917). 
7R.S. Mullikan, Phys. Rev. 30, 138 (1927). 
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TISPECTROGRAPH 
Fic. 1. Discharge tube. 


estimating the position of the most intense line 
in the band. The latter method is not so accurate, 
because the envelope of the intensity distribution 
curve usually has a broad maximum. Very re- 
cently, Knauss and McCay* developed a new 
method for temperature ‘determinations, which 
makes use of the intersection of the envelopes of 
the microphotometer records for the different 
branches of a given band. The temperature is 
obtained by locating the place in a band, where 
the simultaneous requirements of equality of 
intensity and equality of frequency are satisfied. 


APPARATUS 


The discharge tube used in the experiments 
was of the ordinary type frequently employed 
in investigating collision problems. In Fig. 1 is 
given a diagrammatic sketch of the tube. The 
cathode consisted either of a bare tungsten wire 
of 15 mil diameter and 8 cm long coiled into 
15 turns, or of a molybdenum strip about 2 cm 
long and 2 mm wide coated with barium and 
strontium oxides. The anode was in the form 
of a cubic box (171717 mm) made of thin 
nickel sheets. On one side of the box an 
opening about 4X10 mm was cut and a piece 
of fine nickel gauze was put inside. The box and 
gauze were at equal potentials. The filament was 
mounted inside the box at a distance of about 
3 mm from the gauze. At a gas pressure of a few 
tenths mm Hg, only a few collisions could be 
made between electrons and gas molecules inside 
the box. For a potential of 800 volts, the glow 
extended about 8 cm outward from the gauze. 
The box entirely enclosed the filament so that a 
practically field-free space was obtained outside 
the box. The whole electrode system could be 


8H. P. Knauss and M. S. McCay, Phys. Rev. 52, 1143 
(1937). 
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Fic. 2. Log J/J’ vs. J‘(J’'+1) plot for 44278 band. 


easily taken out of the tube through a glass joint 
for adjustment and filament renewal. 


EXPERIMENTAL PROCEDURE 


The electrodes and the discharge tube were 
thoroughly outgassed. Care was taken to ex- 
clude mercury vapor and vapors from stopcock 
grease during the admission of nitrogen, because 
it was found that the temperature parameter was 
affected by these vapors. A Hilger E-1 spectro- 
graph with a glass prism was used in the experi- 
ments. The fine structure of the negative bands 
at AN4278 and 4709 was well resolved with this 
instrument. By means of a condensing lens, an 
image was formed on the slit of the spectro- 
graph of a part of the discharge. Eastman 
Polychrome photographic plates were used 
throughout. Intensity marks were put on each 
plate by means of a step slit. The micropho- 
tometer traces of the bands showed that the 
lines were sharp and symmetric, therefore the 
peak intensities were used instead of the inte- 
grated values. 

In most cases in the experiments, the log 
(I/J’) vs. J'(J'+1) plot gave straight lines. 
Hence a Boltzmann distribution among the 
rotational levels existed. Fig. 2 is the plot of two 
spectra under the same discharge conditions. 
Since the bands show alternate intensities, two 
straight lines will be obtained by treating sepa- 
rately the even and odd values of the quantum 
numbers for the R branch of the bands. The 
temperature parameter is determined from the 
slopes of these lines and it will be seen from the 
graphs that good agreement is obtained in the 


*K. B. Thomson and O. S. Duffendack, J. Opt. Soc. 
Am. 23, 101 (1933). 


results from the different lines. Sometimes two or 
three points at low J’ values did not fall on the 
straight line. This deviation from linearity may 
be due to the inhomogeneity of temperature in 
the discharge tube as pointed out by Lochte- 
Holtgreven and Maecker.'® The pressure in the 
tube was low and so no self-absorption or self- 
reversal was observed to affect the intensity 
graphs appreciably. 

The true temperature of the gas was measured 
by means of an iron-constantan thermocouple 
mounted in the tube as shown in Fig. 1. In order 
to see how much the measured temperature was 
affected by the radiation of the filament, since 
the thermocouple was subjected to the radiation 
in the experiments, two tests were made. One 
was to heat up the filament until it reached the 
equilibrium temperature and then the filament 
was suddenly cut off. The thermocouple showed 
that the gas temperature fell down in accordance 
with Newton’s law of cooling. Were radiation 
affecting the thermocouple, its temperature 
would show an abrupt change. The other test 
was to measure the variation*of temperature 
along a radius of the tube by moving the thermo- 
couple. The temperature decreased as one moved 
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Fic. 3. Temperature distributions along the axis of the 
tube. Curve A, excitation by electron impact with tung- 
sten filament, pressure 0.3 mm, 800 volts, 20 ma. Curve B, 
excitation by electron impact with oxide-coated filament, 
pressure 0.3 mm, 100 volts, 20 ma. Curve C, excitation 
by collision of the second kind, total pressure 1.6 mm, 
800 volts, 20 ma. Curve D calculated. 


10W. Lochte-Holtgreven and H. Maecker, Zeits. f. 
Physik 105, 1 (1937). 
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Fic. 4. Temperature variation as a function of pressure. 


away from the axis of the tube. But no sudden 
drop was observed when the thermocouple 
passed the point where it received no direct light 
from the filament. 


EXPERIMENTAL RESULTS 


The discharge tube was mounted in the hori- 
zontal position. For a given voltage applied 
between the filament and the anode of the tube 
and at a fixed tube current and gas pressure, a 
series of exposures was made on the same plate. 
For these exposures, light was focused from 
different positions along the axis of the tube. 
The exposure times necessary to obtain a 
measurable blackening varied from 15 minutes 
just outside the opening of the box to 6 hours at 
6 cm away. The intensity fell off rapidly with 
distance from the opening. In the case of higher 
voltages, it was necessary to admit gas during a 
run through an adjustable leak to the discharge 
tube to compensate for the disappearance of 
traces of gas during the exposure. The results 
are presented in Fig. 3A. When a lower accelerat- 
ing potential was employed, the glow contracted 
toward the opening. The temperature distribu- 
tion, however, remained the same. 

In order to see how much the determined 
temperature was affected by the temperature of 
the filament, an oxide-coated filament was used, 
which gave sufficient emission when heated 
barely to incandescence, so that its temperature 
was much lower than that of bare tungsten. In 
the case of the cooler filament, it was found that 
the determined temperatures were lower, but 


distributed along the axis of the tube in the 
same manner as will be noted in Fig. 3B. 

It was thought that the determined tempera- 
tures from bands may be equal to the true 
temperatures of the gas in the discharge tube. 
The gas temperatures were then measured by a 
thermocouple along the tube. The results were 
in good agreement with those from band in- 
tensities as shown by the graph. It may be con- 
cluded from these experiments that the tempera- 
ture at any point along the tube depends on the 
temperature of the gas, as determined mainly by 
the temperature of the filament, and not on the 
energy of the electrons. 

The variation of temperature as a function of 
pressure was obtained with different accelerating 
potentials. Fig. 4 is the plot of the results ob- 
tained when one focused on the slit of the spectro- 
graph a portion in the discharge just outside of 
the opening; the discharge current is 20 ma. 
The plot shows that the determined temperatures 
were independent of the accelerating potentials, 
and that at the lower pressures the temperatures 
increased linearly with pressure and then came to 
a constant at higher pressures, in agreement with 
temperatures of the gas as determined by the 
thermocouple. During exposure, the pressure of 
the gas in the tube continually decreased, and 
admission of gas was made intermittently. The 
fluctuation of pressure in the tube may explain 
the scattering of the points on the plot. 

When the tube was mounted horizontally, a 
nearly constant temperature was obtained as the 
tube current was changed from 10 ma to 100 ma, 
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and the temperature indicated by the thermo- 
couple was in good agreement with that from 
the bands. When the tube was mounted ver- 
tically, with the filament in the lower end, it was 
found that both the band temperatures and 
thermocouple readings increased linearly with 
tube current as shown in Fig. 5. It is concluded 
that the temperature variation with current 
must be a heat effect. In the case of a vertical 
tube, convection currents become appreciable. 
It will be noted from the graph that the tempera- 
ture of the gas at a point 2 mm above the box 
increased about 175°K, when the tube current 
was increased from 20 ma to 100 ma. 

As we have already seen, the temperatures 
determined by a thermocouple and from inten- 
sity distributions of the rotational lines of a 
band were independent of the potential applied 
between the filament and anode, when the pres- 
sure and current as well as distance from the 
opening of the anode was varied. So far as the 
present experimental arrangement is concerned, 
it was definitely found experimentally that the 
band temperature is constant at various accelerat- 
ing potentials up to 800 volts. However, a tem- 
perature variation was observed at very low 
potentials as shown in Fig. 6. Below 20 volts the 
negative bands did not come out but the positive 
bands were very strong. On increasing the po- 
tential, the intensity of the negative bands in- 
creased also. Under the same discharge condi- 
tions, the thermocouple gave a constant gas 
temperature, which was equal to the band tem- 
perature at the higher potentials. When the 
potential had a value less than 28 volts, the band 
temperature was lower than the gas temperature. 
This discrepancy between the temperatures was 
thought to be due to the contraction of glow. 
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Fic. 5, Temperature variation as a function of current 
A, tube in the vertical position. B, tube in the horizontal 
position. 


At very low potentials, the glow extended out of 
the opening only 2 or 3 mm at a gas pressure 
of 0.3 mm Hg. The band intensity indicated a 
mean value of the temperature in a certain 
volume of the glow, while the thermocouple 
measured the temperature of a point, where its 
junction was placed ; consequently a higher tem- 
perature resulted from the thermocouple. If this 
explanation is correct, at a comparatively lower 
pressure this discrepancy would disappear on 
account of the expansion of the glow. An experi- 
ment was made at a gas pressure of 0.1 mm Hg 
and a constant band temperature of 650°K was 
gained even at the lower potentials. It should be 
pointed out here that when electrons accelerated 
by 150 volts and 175 volts were projected into a 
field-free enclosure, Lindh’ observed a tempera- 
ture difference of about 45°K in these two cases. 
This, however, was not reproduced in the present 
work. 


TEMPERATURE VARIATIONS IN A 
Low VOLTAGE ARC 


In this experiment, the same discharge tube, 
with some modifications, was employed. The 
metal box used as anode was replaced with a 
nickel plate about 15X15 mm. The electron 
emission was supplied from a heated platinum 
wire coated with barium oxide. The distance be- 
tween the electrodes was about 1 cm. When a 
low voltage arc ran at 40 ma and light was taken 
from a point 4 mm from the cathode, it was 
found that the band temperature increased at 
first linearly with the potential, then came to a 
constant value. The rate of increase depended 
upon the gas pressure. Fig. 7 is a plot of the 
observed results at two different gas pressures. 
The increase of temperature with potential is in 
agreement with the observations of Duffendack, 
Revans and Roy.*® These authors proposed some 
possible ways to account for this phenomenon. 
One was the transference of a fraction of the 
electron energy into molecular rotation during an 
electron impact. As the experimental fact shows 
that in a field-free space the accelerating po- 
tential cannot change the temperature of the 
gas in a wide range of potential variation, this 
explanation does not seem to be correct. How- 
ever, the ions contribute more to the heating 
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Fic. 6. Temperature variation as a function of potential. Tube pressure 0.3 mm, 
current 20 ma. 


of the gas than electrons because of their larger 
masses. In a source where the field gradient is 
not too small, the energy of ions, and therefore 
their temperature, increases with field strength. 
In a low voltage arc due to the development of 
space charges, the field between the electrodes 
will be differently distributed when different 
potentials are impressed upon the electrodes. 
The constant temperature may correspond to a 
stage of distribution, where further rise of 
potential will not change the field, that is to the 
case of a normal low voltage arc in which the 
cathode fall of potential constitutes practically 
the entire potential difference of the electrodes. 
The concentration of ions increases with gas 
pressure. For a higher pressure, the temperature 
variation with potential will be more marked. 
Hence in Fig. 7 the rate of increase of tempera- 
ture with potential at 1.1 mm Hg is greater than 
at 0.8 mm Hg. 

The temperature distribution along the axis 
of the tube in a low voltage arc was measured 
from the intensity distribution of the rotational 
energy states. Curve A in Fig. 8 gives the values 
observed when the arc was running at 50 volts, 
40 ma in a gas pressure of 0.3 mm Hg. Curve B 
is the temperature given by the thermoelement 
when there was no discharge between the elec- 
trodes and indicates roughly the effect on tem- 
perature due to radiation and positive ions. It is 
to be noted that in a low voltage arc, the effect 
of radiation on temperature should be more 
pronounced than in the case of the field-free 
space. The intensity of radiation was very 
much greater here. 


TEMPERATURE VARIATIONS IN CASE OF 
EXCITATION BY COLLISION OF THE 
SECOND KIND 


In the same discharge tube as was first used, 
a mixture of nitrogen and helium gases of total 
pressure 1.6 mm was employed, and the nitrogen 
contributed only 10 percent of the total pressure. 
It was found in this case also that the tempera- 
ture indicated by the intensities of the bands 
was independent of the tube current and the 
impressed accelerating potential just as in the 
case where the negative bands were excited by 
electron impacts. But the temperature distri- 
bution along the axis of the tube showed some 
difference at the larger distances from the open- 
ing of the anode as is shown in Fig. 3C. It is very 
well known that when a metastable helium atom 
collides with a nitrogen molecule, the excitation 
energy may be transferred from one to the 
other by a resonance phenomenon. The helium 
atom has an amount of energy of 19.77 volts 
while a nitrogen molecule requires only 19.6 
volts for simultaneous ionization and excitation. 
It is possible that part of the surplus energy of 
0.17 volt goes into the rotation of the Ne 
molecule. Since the masses of helium atoms and 
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Fic, 7. Temperature variation as a function of potential 
in a low voltage arc. 
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nitrogen molecules are comparable, the per- 
sistence of molecular rotation" will not hold. 
At nearer distances to the opening where the 
concentrations of electrons are high (concentra- 
tion of electrons decreases exponentially with 
’ distance), a large fraction of the Ne molecules is 
excited by electron impacts, so the temperatures 
here are close to the temperature of the gas. 
At larger distances the molecules are excited 
mainly by collisions of the second kind, conse- 
quently a higher temperature is indicated by the 
bands. 


TEMPERATURE VARIATIONS IN A COLD 
CATHODE GLOW DISCHARGE 


A cylindrical discharge tube 10 cm long and 
8 cm in diameter was employed. At one end of 
the tube, a circular nickel disk electrode was 
mounted coaxially and at the other end an 
aluminum one. A collector made of a 3-mil 
tungsten wire and 6 mm long with mutually 
insulated sections as designed by Emeleus” was 
introduced into the tube in such a way that by 
means of an external electromagnet the collector 
system could be moved bodily along the axis 
of the tube. In a glow discharge running at a few 
hundred volts and about 10 ma in a gas at a 
pressure of a few tenths mm Hg, both spectro- 
scopic and electrical measurements were made 
simultaneously. While a portion of the discharge 
along the tube was thrown upon the slit of the 
spectrograph with a lens for photographing, 
electron temperatures were measured by means 
of a Langmuir probe. The results showed that 
two groups of electrons existed, each of which 
was distributed in accordance with Maxwell's 
law with a characteristic temperature. The higher 
energy group or fast group had a temperature 
more than 20 volts and the lower energy group 
or ultimate group only a few volts. It was found 
that these two groups existed in any region of the 
negative glow under different discharge condi- 
tions. The fast group had a higher temperature 
in the cathode fall space where the band tempera- 
ture was likewise higher. This was expected 
because we had a strong field in this section of 
the discharge. The band temperature slowly 

OQ, Oldenberg, Phys. Rev. 37, 194 (1931). 


2 R. H. Sloane and K. G. Emeleus, Phys. Rev. 44, 333 
(1933). 
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Fic. 8. Temperature distribution between the electrodes 
in a low voltage arc. A, observed from the intensity dis- 
tribution of bands. B, measured by thermocouple when 
there was no discharge. 


decreased as the position considered receded 
from the cathode. Table I shows a typical set of 
the experimental data, where the space po- 
tentials and concentrations of electrons are also 


included. 


INTERPRETATION OF RESULTS 


When the bands were excited by electron im- 
pacts, it was found that the thermocouple read- 
ings were in close agreement with the tempera- 
tures determined from intensity measurements 
on the bands under various excitation conditions. 
This means that the band temperatures actually 
represent the true temperatures of the gas. 
With this experimental fact, the temperature 
distribution along the beam in a field-free space 
can be explained by treating the case as a pure 
heat conduction problem. The source of heat 
was the heated filament. The total energy sup- 
plied to the discharge tube, except the little 
radiated, was conducted out to the wall of the 
tube by the gas molecules. The temperature due 
to radiation was neglected, for it was found that 
the change of temperature was less than 10 de- 
grees when the discharge was cut off. We also 
neglected the part of heat conducted away along 
the leads of the discharge tube as the energy 
balance was not considered. In the steady state, 
the differential equation for heat conduction 
without radiation is 


div. (K grad. T) =0, (3) 


in which T is the absolute temperature and K 
the thermal conductivity of the gas considered. 














TEMPERATURE PARAMETERS 


The gas pressure in the tube was not too low 
and the mean free path was much smaller than 
the dimensions of the apparatus, hence we may 
assume that K is proportional to the square root 
of 7. When cylindrical coordinates are intro- 
duced, and 7 is taken along the radius and z along 
the axis of the tube, the differential equatidn 


becomes 
oT 0 oT 
rr) +-(r_) =0. 4) 
or 02 02 


If the substitution S=T! is made, the variables 
can be separated by expressing S as the product 
of a function of r and a function of z alone. 
Taking the constant of separation to be n?, we 
get the solution of Eq. (4) as 


S(r, 2) =AJo(nr)e-", (5) 


where A is a constant to be determined from the 
boundary conditions. 

Since the temperature of the tube wall was 
constant (301°K), we set the boundary Ccondi- 
tions as: 


1 0 


r or 


T=T, at r=R, 
the radius of the tube and z=any value; and 
T=T> at r=any value and z—>~. (6) 
These conditions are all fulfilled if we assume 
Ti- T,i= ; 2 A,Jo(m.r)e*, (7) 
s=1 
provided that m, is chosen so that 
Jo(n,R) =0, 


where n, is the root of the Bessel function. The 
other boundary condition is given by the em- 
pirical relation 


TABLE I. Data obtainéd with Langmuir probe. Pressure 0.7 
mm Hg; tube current 11 ma; tube voltage 410 
volts; Al electrode used as cathode. 











S oC 
DISTANCE coum ELECTRON CONCENTRATION | BAND 
BETWEEN TIAL TEMPERATURE PER cc X10” TEMPER- 
PROBE AND FROM ATURE 
CATHODE ANODE | Fast ULTIMATE] Fast ULTIMATE 
3mm |-—12 vj 28.0v 3.3 v| 3.36 9.7 | 503°K 
§5mm |— 2.5v/ 26.1v 1.55 v| 3.45 14.1 | 455°K 
8 mm 0 23.6v 1.3 v!/ 3.6 15.3 | 435°K 
11 mm 0 23.6v 1.23 v| 3.64 14.8 | 430°K 
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Ti- T,)'=6.9(R?—?r’) (8) 


at z=10 mm, which was obtained experimentally 
by means of the thermoelement. By means of 
Eq. (8) and making use of the orthogonal prop- 
erty of the Bessel functions, we obtain 


27.6R%e's Tink . 
GRRE 





After inserting the numerical values, the solu- 
tion of our problem becomes 


T!=5200+7500e-9-9%:—1 J,(0.08r) 
—728¢e-0- 1842-1) J4(0,1847) 
+ 254¢-9- 288-19) J,(0),288r) 
— 129.6¢-% 8982-10 J,(0.393r) 


+53.4¢-% 498(2-19) J4(0.4987) +--+. (10) 


The values calculated from this expression are 
in good agreement with the observed data at z 
less than 30 mm as shown in Fig. 3D. At larger z 
values, the observed curve is higher. This devia- 
tion may be due to the negligence of some factors 
in the calculation. Firstly, we did not take into 
account the radiation part. Secondly, electrons 
may impart a small amount of energy to a gas 
molecule even when the collision is elastic. 
Although the fraction of energy lost by an 
electron at a collision of this type is only about 
2m/M, where m is the mass of the electron and M 
that of the molecule, the total energy trans- 
fered may become appreciable at the lower tem- 
peratures. In addition, positive ions and electrons 
recombine in the volume of the gas and the 
energy of recombination appears as heat. All 
these factors tend to increase the temperature of 
the gas. 

The behavior of the temperature variation 
with pressure is quite understandable from heat 
conduction considerations. Soddy and Berry” 
found that the thermal conductivity of gases at 
extremely low pressures is accurately propor- 
tional to the pressure up to a value of about 0.05 
mm. Then the departure from the linear relation 
begins and beyond 1.5 mm the conductivity 
does not sensibly increase with increasing pres- 
sure. Knudsen" investigated the problem theo- 

8 F. Soddy and A. J. Berry, Proc. Roy. Soc. A83, 254 


(1910). 
4M. Knudsen, Ann. d. Physik 34, 593 (1911). 
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retically and found that at very low pressures 
where the mean free path of molecules becomes 
comparable with the dimensions of the apparatus, 
there should be a linear relation between the 
rate of dissipation of energy and gas pressure. 
The pressure range employed in the present 
work lies between the two extreme cases, so the 
observation that the temperature increases with 
pressure corresponds to the transition region. A 
quantitative explanation is very difficult and 
was not attempted. 

The independence of temperature and the ac- 
celerating potential has been found to hold over 
a wide range. This result is in agreement with 
the observations of Ornstein and Langstroth,™ 


' L.S. Ornstein and G. O. Langstroth, Proc. Akad. Amst. 
36, 384 (1933); G. O. Langstroth, Proc. Roy. Soc. A146, 166 
(1934). 
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DRILL 


who reported that the development of the rota- 
tional structure of the N2* band at \3914 did not 
change appreciably by increasing the accelerat- 
ing potential up to 26 volts. When the negative 
bands are excited by electron impacts, the Ne 
molecule preserves its angular momentum on 
account of the large difference of masses of the 
impacting particles. This persistence of molecular 
rotation is possible, because the moment of 
inertia of Ne* molecules in the excited state is 
very little different from that of the N2 mole- 
cule in the ground state (the moment of in- 
ertia of Not’ is 1.3410-** g cm® and that of 
Ne 1.39X10-**) as was first noticed by van 
Wijk.'® In view of this fact, the distribution of 
the molecules among the rotational states will 
not be changed during the process of excitation. 


1° W. R. van Wijk, Zeits. f. Physik 75, 584 (1932). 
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A Search for an Electrostatic Analog to the Gravitational Red Shift* 
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The possibility of an effect of electrostatic difference of potential upon the frequency of 
light, analogous to the gravitational red shift, has been investigated. Light of wave-length 
\5461A was made to pass from a region of alternately zero, 300 kilovolts positive, and 300 
kilovolts negative potential, established by means of a Van de Graaff generator, to a sensitive 
interferometer in vacuum at zero potential, where a frequency shift was sought. The results 
indicate a shift of about 0.9+1.0 part in 10" per volt, which is interpreted as a definite null 


result. 


INTRODUCTION 


UIDED solely by analogy with the gravi- 
tational red shift, Kennedy and Thorndike 
undertook in 1930 a search for a frequency shift 
due to electrostatic difference of potential.! The 
data quoted by them indicated a shift of 1.1+0.8 
part in 10" per volt for the source at positive 
potential with respect to the interferometer, and 
of 3.1+41.6 parts in 10" per volt for the source 
at negative potential. They interpreted these 
values as indicating a null result. 


* Presented at the American Physical Society meeting, 
San Diego, California, 1938. 

1R. J. Kennedy and E. M. Thorndike, Proc. Nat. Acad. 
17, 620 (1931). 





The fact that the indicated shifts were in both 
cases in excess of the probable error suggested 
the possibility that an investigation with increase 
of sensitivity might exhibit those differences as 
genuine excesses over the probable error and so 
reveal the existence of an effect of the kind 
sought. 


APPARATUS AND METHOD 


The experiment consists essentially in com- 
paring the frequency of a spectral line in a 
suitable source at zero potential with that of the 
same source under identical conditions except 
that the potential of the source is raised or 
lowered. The source of light was a low voltage 
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discharge in mercury vapor. A detailed descrip- 
tion of the construction and operation of this 
arc has been given by Kennedy and Barkas.? 
In this research the cathode filament of the arc 
was heated by current from two six-volt batteries 
in parallel, and the discharge current of about 
1.8 amperes was furnished by a battery of cells 
in series. The arc was mounted centrally within 
the spherical shell of an electrostatic generator 
of the Van de Graaff type which was built to 
furnish the high and low potentials for the source. 
The necessary rheostats and meters and a 
system of tanks for cooling water used to 
condense the ether vapor, with which the central 
tube of the arc was jacketed, were included 
within the sphere. To guard against possible 
electrostatic effects in the light source, the upper 
pulley and the doubler of the generator were 
covered with a metal shield. 

The electrostatic generator was so arranged 
that the sphere could be charged with electricity 
of either sign at will. The dimensions of the room 
limited the potentials at continuous operation 
to slightly more than 300 kilovolts. These 
potentials were measured by the generating 
voltmeter of Henderson, Goss and Rose.* 

The beam of light which left the sphere 
through an electrolytic window was condensed 
and redirected by a lens-and-prism system to 
bring the beam to the interferometer with 
sufficient intensity for photographing the inter- 
ference pattern. A direct-vision lens-prism sys- 
tem separated out the green line \5461A which 
was used. The interferometer formed an inter- 
ference pattern focused on a photographic plate 
in the holder which automatically shifted the 
plate between exposures made with the generator 
alternately off and on. The interferometer is the 
instrument built and described by Kennedy.‘ 


?R. J. Kennedy and W. Barkas, Phys. Rev. 49, 450-452 
(1936). 

3 Henderson, Goss and Rose, Rev. Sci. Inst. 6, 63 (1935). 

*R. J. Kennedy and E. M. Thorndike, Phys. Rev. 42, 
400-418 (1932). 





Its fixed path difference is now 6X10° wave- 
lengths of \5461A. It was operated in this 
research under the same conditions of tempera- 
ture and pressure as by the previous workers. 

Diametrical sections of the interference pattern 
(a system of concentric rings) were photographed 
in such a way that the exposures with the source 
at zero, 300 kilovolts positive, and 300 kilovolts 
negative potential, were interleaved. By this 
procedure, errors due to differences between 
individual photographs were minimized. The 
measurements of the photographs were made in 
ignorance of which was test and which was 
control so as to avoid any possible psychological 
influence upon them. Test exposures were those 
made with the generator in operation and 
control exposures, those with it idle. 

Measurements of the plates were made with 
a comparator described in detail elsewhere,‘ in 
which diameters of the interference rings were 
measured differentially against those on a nearly 
identical reference plate which was taken as a 
standard. 

RESULTS 


Thirty-six pairs of exposures were made with 
the source at negative potential with respect to 
the interferometer, and twenty-one pairs with 
it positive. The indicated shifts were in the same 
direction in both cases and were nearly identical 
in magnitude. The change in frequency with 
respect to the original frequency, dv/v, was 
0.9+1.0 part in 10'® per volt. The results of 
Kennedy and Thorndike are thus extended by a 
factor of ten and the uncertainty of their inter- 
pretation of them as a null result is removed. 
It is clearly established that no frequency shift 
exists of sufficient magnitude to be measured by 
these means. 

The writer is very grateful to Professor R. ]. 
Kennedy, under whose direction this research 
was undertaken, and to Professor Joseph E. 
Henderson for his assistance in the later stages 
of the task. 
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The radial functions for the discrete levels of Dirac’s relativistic hydrogenic atom are 
expressed in terms of the generalized Laguerre polynomials which have known properties. 
This leads to an easy method of evaluating the normalization constants and the average 


values of r?. 





T DOES not appear to have been noticed 
that the radial functions that arise in the 
treatment of Dirac’s relativistic hydrogenic atom 
can be expressed in terms of generalized Laguerre 
polynomials. The ease of handling the radial 
functions for the discrete levels is greatly in- 
creased if use is made of the known properties! 
of these polynomials. 
The generalized Laguerre polynomial, £,‘@(z), 
is defined in terms of the confluent hypergeo- 
metric function? as 


£,(z) =T(a+n+1)/[n!0(a+1) ] 
X1Fi(—n;a+1;2), (1) 


where n is a non-negative integer and a may be 
any complex number. It should be noted that 
the generalized Laguerre polynomial, £,°@(z), is 
not the same as the ordinary’ associated Laguerre 
polynomial, Z,”(z). The relation between them is 


£,'™(z) =(- 1)"[(n+m) IT Layn™(s), 


if m is a non-negative integer. It seems to be more 
convenient to introduce the mathematicians’ 
generalized Laguerre polynomial, £,‘*, than to 
generalize the physicists’ associated Laguerre 
polynomial, L,”, in such a way that it is defined 
for a non-integral superscript. The subscript, », 
indicates the degree of the polynomial £,‘, 
while the degree of L*, if generalized, would be 
B—a, where neither a nor 8 are integers, in 
general. 

We shall take as the radial functions of the 
relativistic hydrogenic atom those given by Hill 

1E. T. Copson, Functions of a Complex Variable (Oxford 
University Press, 1935), pp. 269-270. G. Pélya and G. 
Szegé, Aufgaben und Lehrsitze aus der Analysis, Vol. 2 
(Springer, 1925), p. 293. 

2 E. T. Copson, reference 1, p. 290. 


3H. Bethe, Handbuch der Physik, second edition, Vol. 24 
(1933), p. 282. 


and Landshoff.4 They are f(r), G(r), F(r), and 
g(r). By letting either the first two or the last 
two vanish identically, we get two independent 
solutions. We can secure greater conciseness by 
introducing a parameter, s, that can take on 
either of the two values +1 or —1. We then 
define the functions f,(r) and G,(r) by the 
equations 
f(r) when s=+1 
fin={O, when s=~—1, 
G(r) when s=+1 
Gr) = g(r) when s=—1. 


Using Hill and Landshoff’s Eqs. (82)—(99), 


we have 
a=e?/hc, X=(moc/h)(1—e)!, p=2ar, 
e= E/mgc? =(14+Z7a?/(n'’+y)? }, 
y=[U+9)?-Z'a*}, (2) 


where the electronic charge is e, the energy is E, 
and the rest mass of the electron is mo. In terms 
o! these abbreviations we find that 


f.(r) =isC(1—se)¥(e™"/r) p7(01, «—v2, »), 


G.(r) =C(1+se)'(e/r)p7(01, s +02, 5), - 
where 
01, s=(2y+n’)[y+n'+s(J+})e} Lyi?” (p), 
v2, = —SLytn’+s(J+})e Pn?” (), (4) 


C=X(n' th)’ (2Zamocel (2y+n' +1) }-3. 


Our quantum numbers, n’ and J, are connected 
with the usual quantum numbers, m and /, of the 
nonrelativistic theory by the equations 


n=n'+J+3, l=J—}s. 


4E. L. Hill and R. Landshoff, Rev. Mod. Phys. 10, 87, 
107-110 (1938). 
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The evaluation of the normalization factor, C, 
is readily carried out. In accordance with Hill 
and Landshoff’s Eq. (D1), we see that we must 


have 
i= f infltdrt I7G.| 2dr. 
0 0 


If we use the equation 


wo 


| €7x°Lm™ (x) Ln (x) dx 
; 0 if mn 
> | T(a+n+1)/n! if m=n, 
the integral converging if R(a) > —1, elementary 
algebra gives the expression for C found above. 


In order to calculate the average value of r?, 
we must first evaluate the integral® 


Im, s(Q)= f e~*x2t+ 98, (x) L,°(x)dx, (5) 
0 


where m<n. The generating function for the 
generalized Laguerre polynomials is 


(11) te-H0-9= FB, (x), | t] <1. 


n=0 
We multiply this by a similar equation in which 


t" is replaced by u™. If we then multiply by 
e~*x**@ and integrate, we can derive the equation 


Im, n° (q) = (—@)n—mI'(a+g+m-+1) 
—q, —qt+n—m, —m 
Lo 


X[C(n—m)!m!}- .F 
n—m+1,—a—q-—m 


The integral does not converge unless R(a+q+1) 
>0 and is zero if qg is an integer such that 
0S q<n—m. (—g)n—m is either T'(—q+n—m)/ 
l(—qg) or (—1)""P(q+1)/'(q—n+m-+1), 
whichever has meaning. ;F2 is the generalized 
hypergeometric function® with unit argument, 


a,b,c abc 
Ff Ja 
e,f 1 lef 


a(a+1)b(b+1)c(c+1) 


2le(e+1)fF+1) 


51. Waller, Zeits. f. Physik 38, 635 (1926) solves a similar 
problem involving associated Laguerre polynomials. 
6 E. T. Copson, reference 1, p. 259. 





We see from Hill and Landshoff that 


(rum fff erreudxayas 


=| r(|rf.|?+|rGy|2)dr 


0 
= 2C7(2d)— 2-1 { (2y+n’)*e* 
x [ytn! +5(T+he Pers, w1(Q) 
—2e2(2y+n')Torr, w(Q) 
(27) 
+[y+n'+s(J+h)Ua. »(q)} 
hd BR Bt a 
 2Zamece\ 20) T(2y+n' +1) 
n'(2y-+n’)*e? 
x| 
ytn'+s(J+})e 








“| ~G ~#4) 
® yee was 
+2n'e*q(2y+n’) 

—q, —qt+1, —n’+1 
2, —2y-—q-—n'+1 
+[Lyt+n'+s(J+})e](2y+9q+’) 


—q, —g, —n”’ 
xsF{ || (7) 
1, —2y-—q-n’ 


xsF 


xsF 


In case g is negative, it is often convenient 
to use the equation’ 


—q, —q+n—m, —m 
“4 | 
n—m+1, —a—q-—m 
l'(a+m—q)l'(a+q+1) 
l'(a—g)l(a+q+m+1) 
q+1,qg+1+n—m, —m 
xh | (8) 
n—m+1, —m+q-a+l 





If we let c—~, getting the nonrelativistic 
approximation, Eq. (7) reduces to the expres- 
sions given by Pasternack® for (r*) in the 
nonrelativistic case. 

In conclusion I wish to thank Professors H. 
Bateman, P. S. Epstein, W. V. Houston, and 
J. R. Oppenheimer for their helpful suggestions. 

7™W. N. Bailey, Generalized Hypergeometric Series (Cam- 


bridge Tract No. 32, 1935), p. 18. 
8S. Pasternack, Proc. Nat. Acad. Sci. 23, 91 (1937). 
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The problem of the vibration-rotation energies of the 
nonlinear triatomic molecule of the X Y2 type and their 
dependence upon the constants occurring in the potential 
energy function has been considered in the quantum 
mechanics. The quantum-mechanical equation has been 
derived in a perfectly general manner and contains all 
interaction terms between rotation and oscillation and all 
anharmonic potential energy terms to a second degree of 
approximation. The approximate eigenvalues of the 
Schrédinger equation have been calculated by means of 


the nondegenerate perturbation theory of quantum 
mechanics and it is found that the energy may be expressed 
essentially as that of the molecule oscillating anharmoni- 
cally and that of a semi-rigid rotator where the moments 
of inertia are no longer strictly speaking constants, but 
quantities depending to some extent also upon the vibra- 
tion quantum numbers and the potential energy constants. 
Expressions for the effective moments of inertia and the 
coefficients of the centrifugal expansion terms are evaluated 
and given in explicit form. 





I. INTRODUCTION 


HE measurements which have been made 
in the infra-red on the vibration-rotation 
spectra have been very useful to chemists and 
physicists in obtaining information concerning 
the sizes and shapes of the molecules from which 
they originate and as well concerning the 
strengths of the chemical bonds which hold the 
atoms of the molecule together. This has been 
true especially with regard to diatomic mole- 
cules where it was early recognized that the 
characteristics of their spectra could be ac- 
counted for on the basis of an oscillating dipole 
rotating in space. Already in the year 1927 Fues' 
was able to formulate this theory in the quantum 
mechanics, expressing to a second degree of 
approximation the dependence of the vibration- 
rotation energies of a diatomic molecule upon 
the quantum numbers and the constants which 
occur in its potential energy function. The theory 
of Fues gave physical significance to the series 
formulae of molecular spectroscopists so that 
simply by identifying spectral lines measured 
experimentally with corresponding lines pre- 
dicted by theory actual values for the molecular 
constants could be evaluated. So successful has 
the theory been that scarcely a diatomic molecule 
can now be found for which the molecular con- 
stants are unknown. 
The progress in this respect with regard to 
polyatomic molecules has been much less rapid, 


' E. Fues, Zeits. f. Physik 44, 91, 110 (1927). 


for while the vibration-rotation spectra of many 
molecules have been measured and a few of 
them have actually been successfully analyzed 
yet in but one exceptional case, has it been 
possible to make use of the data to calculate the 
magnitudes of the molecular constants in any- 
thing but the most qualitative manner. This has 
been true essentially because no precise theory 
concerning the vibration-rotation energy levels 
of polyatomic molecules in general, analogous to 
that of Fues for diatomic molecules, has ever 
been developed. The importance of such com- 
plete and precise theories also for polyatomic 
molecules is convincingly demonstrated by the 
work of Adel and. Dennison? on the spectrum of 
carbon dioxide. To deal with this spectrum 
successfully it was found necessary to develop a 
theory of the vibration and rotation for this 
type of molecule accurate to a second degree of 
approximation.-In this manner it became possible 
to evaluate enough of the molecular constants 
with sufficient accuracy that a host of new 
bands could be predicted theoretically, many of 
which have since been observed experimentally 
and found to agree in position with the predicted 
values to within the accuracy of the measuring 
instrument. The nearest approach to such a 
theory for other polyatomic molecules is that 
made by Wilson and Howard’ and by Wilson 
~ 2A. Adel and D. M. Dennison, Phys. Rev. 43, 716 (1933); 
44, 99 (1933). 

%E. Bright Wilson, Jr. and J. B. Howard, J. Chem. 


Phys. 4, 262 (1936). E. B. Wilson, Jr., J. Chem. Phys. 4, 
313, 526 (1936); 5, 617 (1937). 
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where they have demonstrated that the inter- 
actions between oscillation and rotation, which 
otherwise are so difficult to deal with in the case 
of polyatomic molecules, can in many cases be 
taken account of in the energies by assigning to 
the rotating molecule moments of inertia effective 
only in a given state. These effective moments of 
inertia occur in the energies as parameters which 
must depend to a considerable extent upon the 
nature of the chemical bond and upon the degree 
of excitation so that they may be expected to 
vary some in magnitude from state to state. This 
work has been very serviceable to the experi- 
menter making an analysis of a given band; its 
usefulness is limited only by the fact that it 
cannot express the actual dependence of the 
vibration-rotation energies of a molecule upon 
the constants occurring in its potential energy 
function; i.e., while it postulates moments of 
inertia effective only in a given state it is in no 
position to predict how these might be expected 
to vary from state to state or how their magni- 
tudes must be related to the strengths of the 
chemical bond, etc. We have therefore under- 
taken to apply the theory of Wilson and Howard 
to certain individual cases and have used as a 
constant source of reference their first paper 
which delineates a very convenient method 
for actually computing the vibration-rotation 
energies of a polyatomic molecule. In this paper 
we wish to present the application of this theory 
to the problem of the oscillation and rotation of 
the nonlinear triatomic X Y2 type of molecule of 
which the water vapor molecule is a charac- 
teristic example. The calculations are carried to 
second degree of approximation. 


II]. THE QUANTUM-MECHANICAL HAMILTONIAN 


The molecular model which we wish to con- 





sider consists of three atoms 1, 2 and 3, of which 
2 and 3 are identical, with atom 1 located at the 
apex and the atoms 2 and 3 situated at the base 
angles of an isosceles triangle when the molecule 
is in equilibrium. The magnitude of the apex 
angle of the triangle shall be designated by 2a, 
the length of the base by 2a and the altitude 
by h. We shall associate the center of gravity of 
the molecule with the origin of a set of body 
fixed coordinates x, y and z, the molecule being 
so oriented that its plane will coincide with the 
xy plane of the coordinate system and its altitude 
h will lie along the axis y. The equilibrium posi- 
tions of the masses M, m and m will be denoted 
by x;,°, y:° and 2,° where 7 takes the values 1, 2 
and 3. Clearly in this notation 


x1°=0, x2°—x 3°=2a, yo”=y2", y°—y2=h 


and 2;°=22°=2;°=0. 

The problem of determining what are the 
vibration-rotation energies of a molecule con- 
sists in deriving the quantum-mechanical equa- 
tion characteristic of the motion in space of the 
molecule and then investigating what the eigen- 
values are which it may take. As we have already 
suggested we shall follow closely the procedure 
suggested, by Wilson and Howard in setting up 
the appropriate quantum-mechanical Hamil- 
tonian, the first step of which is to obtain the 
relation for the classical kinetic energy expressed 
in terms of the coordinates fixed in and rotating 
with the molecule. If the actual coordinates of 
the ith atom of the molecule are denoted by x; 
and y; which in reality are equal to x;°+ 6x; and 
yi®+éy;; where the 6x; and dy; are the displace- 
ments of the atoms from their positions of 
equilibrium, the kinetic energy 7 may be 
written as: 


2T = M (42+ 9:2) +m(42+42+42?+ 93?) tAw2+ Buo/Z+ Cw? —2Dw,wy+22.w,, (1) 


where A, B and C are the moments of inertia and D is a product of inertia. These are all functions 


of the coordinates here and are equal to 
A=My*+m(y2?+y3?), B= MxP?+m(x22+x;’), 


C=A+B and D=Mxyyi+m(xoyotXxsys). (2) 


In Eq. (1) wz, w, and w, are the components of the angular velocity along the x, y and z axes and Q, 


takes the form: 


2. = M(yi6x1 —%,5y) +m (Y2dx2 — Z25y2) +m (ysbx3 —Z35y3). (3) 


Explicit relations for w,, w, and w, will not be given here since they may be obtained from books 


on classical dynamics. 








190 W. H. SHAFFER AND H. H. NIELSEN 


The coordinates x; and y; which occur in the above equations are not independent of each other, 
however, and in order to put Eq. (1) in a form which will be useful to us in deriving the quantum- 
mechanical equation it is necessary to introduce the normal coordinates which will be certain func- 
tions of the x; and y,;. The simplest manner in which to accomplish this is, no doubt, to consider 
briefly the problem of the oscillation of the molecule in the coordinates x and y by itself. The kinetic 
energy of the atoms oscillating in the plane of the molecule is given by the first two terms in the 


Eq. (1) 


M m 
P= Gti) t yatta t oe tis), (4) 


where \/ and m are the masses of the atoms 1 and the atoms 2 and 3, respectively. The dependence 
of the coordinates 6x; and éy; upon each other is introduced by the relations 


Mx ,+m(x2e+x;3) =0, 
Myi+m(y2t+ys) =0, (5) 
M(x 1°Sy1 — y1°6x1) +m (x2 dy2 — y2°dx1) +m (x3"by3 — ys" 5x5), 


the first two of which state that the center of mass shall remain fixed during oscillation and the 


third that to zeroth approximation the angular momentum in the moving coordinates shall be equal 
to zero. We shall now introduce the intermediate coordinates 


u=6x,—}(dx2+6x3), v=dyi1—}(dy2+4y3), w=dx3—dx2, (6) 
which with the aid of (5) enable us to rewrite (4) in the form 
T’=}{ (Coms/Bo)w?+ui0?+ (m/2)w*}, (7) 


where 4; = 2mM/(2m+M) and where By and C, are the equilibrium values of B and C in the relations 
(2) which have the respective values 2ma? and y,a* cot? a+2ma?’. 

We must now make a choice of a potential energy function. We shall represent by 6s; the relative 
displacement of the base particles 3 and 2, by ds, and és; the relative displacements of the particles 1 
and 2 and 1 and 3, respectively, and the potential energy which we shall adopt is one which is a 
perfectly general function of these. For it we write 


V= 3 {Ky(6s2?+ 553”) + Kebs;?+K36s;(5s2+ 6s) +K46s26s3} ? (8) 
where K,, Ke, K3 and K, are constants. The displacement coordinates 6s; are now evaluated in terms 
of the intermediate coordinates u, v and w with the aid of the relations (5) and (6) and in terms of 
these (8) may be rewritten 

V=h{ki'w'+h,'v?+hk3'w+hk,'vw}, (9) 
where it may quickly be verified that 
k,’=(K;,/2) sin? a+K2+K;3 sin a+(K,/2) sin? a, 
k,’= (2Ki+K34) cos? Qa, (10) 
ks’ =(2Ki1—K4)(Co/Bo) cos? a, 
ky’ =(K,+K;/sin a+ K,4/2) sin a cos a. 
When we introduce the notation q,’=(m/2)!w, go’ =(ui)!v and gs’ =(uiCo/Bo)'u the kinetic energy 
becomes simply 
T’=}(q:?+42"+43”") (11a) 
and the potential energy becomes 
V=3{kigi?*+hoge?+ksqs"*+hagi'ge’}, (11b) 


where k= 2k,’ /m, ko=ke'/us, k3=k3'Bo/pmiCo and k= (2/muy) ky’. 
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The coordinate g;’ in the above equations occurs only as the square and as the square of the time 
derivative and may therefore be regarded as one of the normal coordinates. The other two will be 
linear combinations of g,’ and qs’ and we shall define them in the following manner 


qi’ = —qi sin y+q2 cos ¥, (12) 
go’ =qi COS y+qe2 sin ¥, 


where sin y and cos y are constants so chosen that all cross products between q,; and gz and their 
time derivatives will vanish. This is accomplished by setting 


1\! (ke—ki)* J)! 1\! (ke—ki)? 7)! 
—sin =(;) {1-[ | » cos »=(;) {14 | , (13) 
2 ka?+(Rke—k;)? 2 ky?+(ke—k;)? 


If we make the convenient substitutions 








vj =—{k, sin? y+k2 cos? y—k, sin y cos y}}, 
2r 
1 
ve=—{k, cos? y+ke sin? y+, sin y cos y}}, (14) 
us 
vs=—{ks}!. 
2r 
Eq. (11) becomes the following one: 
V= 22? v\"Qi? +227 v2"G2?+ 27? 3"q3". (15) 


When the normal coordinates g:, gz and g3 are introduced into Eq. (1) the linear kinetic energy 
becomes, as we have seen, simply 3(¢:?-+42?+4s") while the coefficients A, B, C, D and Q, now be- 
come transformed into: 


2 1 
A =A, 1 +7 cos y+qe sin y) —- cos y+4qe sin v+qs'/Ca, 


0 0 


2 1 
B=By| +e tm sin y+ 2 cos +B {-a sin y+: cos v+ast/Cal, 
0 0 


(16) 
2 2 
C= cal 1 +e cos y— Bo! sin J+A o! sin y+ By! cos vntat+at+a, 
0 0 


D=q3/Co{ (Bo! cos y—Ao! sin y ]gi+[ Bo! sin y+Ao! cos y ]g2+2(AoBo)'}, 
Q,=2Z1g:+Z2G2+Zags, 














Bo cos y+ Ao} sin By sin y— Ao cos y 
where =| fa, =| la 
Co Co 
B, cos y+Ao! sin Bo sin y—Ao! cos 
and Z3= -| la-| 
Co Co} 


If we follow the method of Wilson and Howard, it is now required that the classical kinetic energy 
be expressed in the Hamiltonian form, which for our case will be 


3 
27 = perP Pt byyP yt QuryPsPytus(P.—ps)? +L pr’, (17) 
k=1 
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3 
where P,=0T/dw,, etc., px=OT/Ogx and p.=>> Zxpx. The coefficients was in Eq. (17) are the 
K=1 


following quantities 
Mezr=B/(AB—D*); pwyy=A/(AB-—D*); uzy=D/(AB-—D*) and u,.=1/C’, (18) 


3 
where C’=C—)>- Zx? which will be equal to: 


K=1 


2 2 
C’=Co ad ae cos y— Bo sin vJait+—1A o sin y+Bo! cos y |ge 
0 0 

1 1 
+—[Ao! cos y—Beo sin vPa'+—[Ad sin y+Bo! cos y }*g2*}. (19) 

0 0 
The appropriate Hamiltonian form for the kinetic energy of this molecule in the quantum mechanics 

will then, according to Wilson and Howard, be the following expression : 


T=4{ur2P 2 tuyyP yt Ye t+usy(P2Py+P,P:)} —4h{Quesbet (Pemes) ture (peu)}P. 
+(ut/2){Pamect ps} +3(d:? +p? + ps?) + (ut/2) { (Pim) pit (Pou) pat (bse) ps}, (20) 


where P,, P, and P, are the operators for the three components of the angular momentum with 
respect to the origin of the fixed coordinate system, px are the operators for the linear momenta 
(h/2ni)d/dqx, pz is the operator (h/27i)(Z10/0qi+Z20/dg2+Z30/dgs) and where yu is the determinant 
of the elements jag. 

We are interested in computing the vibration-rotation energy levels only to a second approximation 
and therefore when setting up Eq. (20) in an explicit form, we shall carry the expansions of the pas 
etc., only so far that the terms we desire to consider are included in them. When this has been done 
there remains only to select the appropriate relation for the potential energy. The harmonic portion 
of this has already been determined and is given in a form suitable for our further work in Eq. (15). 
There remains to make a choice of the terms comprising the first- and second-order anharmonic 
portion which must conform to the symmetry requirements that V(qi, ge, g3) = V(q1, g2, —@s)- This 
leads to the functions for V; and V2 


Vi=1g2 +0292? +19 193" + b2G29s? +6191°G2 + 629192", 
V2=dgi*+dog2*+dsqs* + €192"Qs" + €291°G 3? + 327g 1? + 64919293", 


which are the same in form as those used by Bonner‘ in his discussion of the vibration spectra of 


molecules of the X Y2 type. 

The entire quantum-mechanical Hamiltonian appropriate for the problem of the triatomic non- 
linear molecule oscillating and rotating in space derived to include terms to a second degree of 
approximation can now be written down explicitly and is given below in orders of magnitude. 


(21) 




















PP FP Fe 
H® =} (pi? +49? v9?) +3 (po? +42? 727G2?) +4 pst+4atrstgs) +4 Spaaemnfe ). (22a) 
1 _ Ao Bo Co 
1 
H® = ——p,P,- {[(Bo+2A)Bo! cos y—(Ao+2Bo)Ao! sin 
ce 4Co(A Bo)! - — ” _ - p 
+[(Ao+2Bo)Ao! cos y+(Bo+2Ao)Bo! sin y ]p2} — (qi cos y +42 sin ” r 
PY ; P2 
— (gz cos y—qi sin y)——— {[Ao! cos y— Bo! sin y ]gi+[Ao! sin y+ Bo! cos y _]ge} 
Bi Co? 
Cnn agi engs thats thas +cnstertemas', (22) 
q3 (AoBoCs)! 191° 422 19193 29293" 1 €191°G2 1 629192", 


4L. G. Bonner, Phys. Rev. 46, 458 (1934). 
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H® Pe ord : By sin yJo:-+2[ Aa! sin y+Be! ; pe. th (Ao—Bo) . 
a= cos y— By! sin y sin y cos ~ ’ 
2 Co 0 0 q1 0 0 Qe Co® Ano (AgBoCy)* 
th 7 
rey" BCH [A ofBo!(cos* y —sin® y) + (Bo?—A,*) sin y cos y](qip2+q2p1) 


+2[A 0BoCo+Bo' cos? y+Ao* sin? y— 2A o!Bo! sin y cos y ]gipi 
+2[A oBoCo+B,? sin? y+A o® cos? y+2A o' Bol sin Y Cos ¥ ]g2h2} 








th 3 . . ‘ . 2 Ao . P,’ 
sp +(4 cos? y+q2* sin? y+ sin y cos y+— ) 
2rCo - 2 ; _ Ce A,’ 


3 : ‘ Bo P,* 
+-(a8 sin? y+92* cos? y — 2q:g2 sin cos y-+—gqs? }— 
2 Co B,? 


3 
* [Ao! cos y—Bot sin y }?g:2+[Ao! sin y+Bo! cos y }*q2" 


+2[(Ao—Bo) sin y cos y+(AoBo)*(cos? y—sin? 1) Jags) — 
0 


(P:P,+P,P:) 
A oBoCo 
+dyqi*+dege*+-dsqs‘+€192gs* + €291°Gs* +e3g1°g2? +e1gigegs*. (22c) 





3 
“2 [By' cos y—Ao! sin y ]qigs + [Bo sin y+Ao! cos y ]q2qs} 


III. THE ENERGY VALUES OF THE MOLECULE 


In this section we shall endeavor to find solutions to the quantum-mechanical equation which we 
have derived in Section II and the permitted energy values E. We shall consider first the zeroth- 
order Hamiltonian which is separable in the oscillational and the rotational coordinates. The first 
three terms in the relation (22a) are Hamiltonian operators for the harmonic oscillators oscillating 
with frequencies v;, ve and v3 and the fourth term is the Hamiltonian operator for the asymmetric 
top derived by Klein.* The zeroth order Schrédinger equation (H°®— E°)y=0 will therefore have the 
solution 


13 3 4 
y°=exp |-32 a TI Sv i(aigs)¥r, where a.=27(—) (23) 
i=l i- 


(which henceforth shall be written Yyyn) where Xv; are the well-known Hermitian polynomials 
and yr’ is the characteristic function of the asymmetric rotator. The function yz is most conveniently 
expressed as an expansion in terms of the known solutions ¥°(JKM) to the problem of the symmetric 
rotator which form a complete orthogonal set of functions. J, K and M in the above functions are 
respectively the quantum number of total angular momentum, the quantum number of angular 
momentum about a body fixed axis and the so-called magnetic quantum number. We shall write 

for yz the following then: 
Wr= DY Aggy (J'K'M’). (24) 

J'K’M’ 

It is readily shown that the total angular momentum and its projection along an axis fixed in space 
will be constants of the motion also for the asymmetric rotator. This will, however, no longer be 


°O. B. Klein, Zeits. f. Physik 58, 730 (1929). 








194 W. H. SHAFFER AND H. H. NIELSEN 


true with regard to the angular momentum corresponding to the quantum number K so that Pp 
must be written ¥(J, 7, 17) where 7 is merely an index number which runs from the value —J to 
the value +J. With J and M as legitimate quantum numbers still, the triple summation indicated in 
(24) degenerates to a summation only over K from —J to +J so that we may write: 


+J 
Vr=yV(JrM)= . AM yru¥(JKM), (25) 


K=-J 


where the coefficients A“) ,x are constants still to be determined. 

To find what are the eigenvalues of H7° and the coefficients A“ yx which occur in (25) we use the 
method of Wang* which may be regarded as equivalent to adopting the following procedure. The 
matrix /7° is set up in terms of the basic functions Pyy"(JKM) where, of course, ¥°(JKM) will not in 
general be a solution to the rotation problem. The matrix which results will then in general not be a 
diagonal matrix. It will, however, be diagonal in the quantum numbers V;, V2, V3, J and M and have 
elements nondiagonal only in the quantum number K. The nonvanishing elements of the matrix H7°, 


which we shall write symbolically as 


(26) 





(K|P.?|K’) (K|Py?|K’) (K|P.?|K’) 
* - 


(K|H°| K’) =Eyéxxe+ 
2A 2By 2Co 


may be derived by the aid of Wang and Klein for our case and are found to be: 


(VJIMK|H®| VJMK) =(Vi+3)hoit+(Vet3)hvet+(V3+3)hvs 
h? 1 1 Kh? 


—-+—)-——. 
167? Ao By 82?Co 





+[J(J+1)—K?] 





h? 1 1 

(VJMK | H°| VIMK-£2)=——{[J(I+1) -K(K £1) [IU +1) —(K41)(K£2)})"(—-——), 

327? Ao By 

where V is made to embrace the vibration quantum numbers V;, V2 and V3. The energies E°( V/Jr) for 
the molecule may now be obtained simply by diagonalizing H® or, which is the equivalent, by 
determining the roots of the secular determinant of this matrix set equal to zero, which will have the 
elements | (K | H°| K’)—Eéxx:|, dxx: being the Kronecker symbol. The function (25) is now uniquely 
determined also, for the coefficients A‘;xy are simply the first minors of the above secular 
determinant. 

We turn now to consider what are the contributions to the energy E by the first- and second-order 
Hamiltonians. In the problem of the triatomic molecule there will in general, save for accidental 
degeneracies,’ be no two frequencies which are alike. It will therefore be legitimate to make use of the 
methods of the nondegenerate perturbation theory in quantum mechanics to determine the correc- 
tions to the energy by H™ and H®. 

The determination of the first-order corrections E“ to the energy consists in evaluating the 


diagonal matrix components of 
E® =(V, R|H®|V, R)= f (Wr¥'s)*HOV rH edo, (28) 


where dv is an element of volume in configuration space. Inspection of the integral (28) quickly 


6S. C. Wang, Phys. Rev. 34, 243 (1929). 

7In such cases where two frequencies have nearly the same values the ordinary methods of perturbation theory in 
quantum mechanics may fail. It then becomes necessary to proceed after the method of Nielsen a Chem. Phys. 5, 818 
(1937)) in dealing with certain Coriolis forces in the formaldehyde molecule. 
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reveals that 7“ has no components diagonal in all the quantum numbers V;, V2 and V3 so that it 
will vanish always. Hence the first-order energy correction E‘” will take the identical value zero. 

The second-order contributions to the energy computed by the method of the perturbation theory 
in quantum mechanics is given by 


Pere eT p yb ede: f Woda) TOMY ade 
BO = f Vrs) HOV Wado+ D . (29) 
R 


rye E®*yrp—E®yere 





In making the calculations indicated by (29) we shall retain the approximation introduced by Fues in 
connection with the diatomic molecule; namely, that the spacing between the rotational levels is 
small when compared to the spacing between the vibration levels so that the term E®yr—E®yp 
which occurs in the denominator of the second term can always to a good approximation be replaced 
by 2°, —E°y» or simply hv( V, V’’). In order to make use of the relation (29) as it stands to evaluate 
E® it is necessary that the purely rotational part of the wave function yz be known explicitly. While 
we have seen that it is indeed possible uniquely to express yp as an expansion in terms of the basic 
functions ¥(J, K, M) for a particular value of J it is not feasible to do so for the general case J. The 
quantity E® would therefore have to be evaluated for each particular value of J, but such a procedure 
would be both tedious and cumbersome at best. We shall therefore employ a different procedure 
suggested by the method of Wang for the zeroth-order problem, and use again the function 
Yvw(J, K, M) instead of the exact solution PyWp. 

Replacing Wye in Eq. (29), which as it stands gives the second-order energy E® as a matrix of 
which the elements are diagonal in all the quantum numbers, by the function Yyy(J, K, M) we ob- 
tain a corresponding relation which will represent the elements of a new energy matrix which will no 
longer have only diagonal components. It is readily verified, however, that the matrix will be diagonal 
in the quantum numbers V;, V2, V3, J and M still and as in the zeroth-order case will have elements 
nondiagonal only in the quantum number K. Instead of (29) we then have: 


(K 





SIK)= fw. K, M))*Hpyy(JK'M)dy 


fre Rany Tey» J "M)do f (Wr IK"M)) SHY" IR’ M do 
+ & » (30) 


VK’ E*y —E%y. 





which sets forth the (K| K’) element of the second-order energy matrix in the new representation. 
The function H“ and H® will consist of a series of terms some of which are constants or entirely 
vibrational in character and other terms which are products between factors purely vibrational and 
factors purely rotational in nature. Let us consider the first term in (30). Inserting 7 as given in 
(22c) into the above relation and integrating over the vibrational coordinates we obtain the result : 


f vets, K, M) {dot P2?+A2P 2 +AsP 2 +di(PxPy+PyPx) }yo(J, K’, M)do, (31) 


in which Xp, Ai, etc. are quantities depending only upon the vibrational quantum numbers V and as 
far as the integrations over the rotational coordinates are concerned they may be regarded merely as 
constants. The relation (31) may in fact be recognized as the (K!K’) matrix element of H® in our 
scheme and can be written as: 


(K|H® | K’) =odxx: +A1(K | P.?| K’) +)2(K | P,?| K’) +A3(K| P.?| K’)+A4(K|P2Py+P,P.|K’), (32) 


which it will be recognized is, except for the last term, of the same form as (26). 
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With regard to the second term in (30), we find if we carry out the indicated integrations over the 
vibrational coordinates that the terms which do not vanish completely are ones which enable us to 
write for it: 


ry | f vo*(IKM)[Ao+AiP + AaP2+AsPy2+MP 2 +As(P2Pyt+PyPs) Wo JK" M)dv 
kK’ 


X [vot IK" MY Ae! + AYP et Aa’ Pet +Ad Py + ACP E+ AL (PP y+ PyPs) Wo(IK’ Mae, (33) 


where the A’s and the A’’s are intimately related to the (V| V’”’) and the (V”’| V) matrix components, 
respectively, of H“ and can therefore be regarded as in the foregoing case simply as constants. The 
relation (33) which is a sum of terms each of which has as a factor the product between a (K! K’’) and 
a (K"’| K) matrix element of the rotational part of H™ may therefore be rewritten, bearing in mind 


that 
E(o|T\o")(o"|S|o’)=(o|TS|o’), 


in the form 
AoAo’dxx: +(AiA3’ +A3A1’)(K| P2?| K’) + (AyAg’ +AgAy’)(K | P,?| K’) 
+(AjA5’ +A5A1’)(K| P.*| K’)+AcAe’(K | P24| K’)+AsA3/(K|Py*| K’) +AgAq' (K|PA|K’) 
+AsA5’(K| (P.P,+P,P:)*|K’)+AcAs' (K|P2P,?+P,?P."|K’), (34) 

which except for the terms quartic in P will again be seen to be similar to (26). 

Combining the contributions of (26), (31) and (33) and collecting the coefficients of P,’, P,’, etc. 
we obtain after some simplification, for the (K! K’) element of the matrix 
(K|P.?|K’) (K|P,|K’) (K|P.*|K’) 

+ + 
A. B, C. 


a Pe, ee , _ (atB+26) 
[Scaireixy + Pci ryix + Stet xi sin 
Ao! Bo! Cot 


0 
(a+4) 
(K|P?P,?+P,?P,*| K’)+ 
Ao?Bo? Ao2Co? 


B+) 
Pe (K|P,2P2+P2P,*|K’)+ 
"Be Co? A BoC o* 





(K|H|K’) =Evoxe: +,| 


167? 
h? 





+ 


(K|P2P7+P/P,"|K’) 





— 











(K|(P.P,+P,P.)*1K)}, (35) 


in which 
Ey = Uot ViUit+ V2U2t+ VsUst+ ViFU it V2? U 22+ V3?Us3+ ViVeU 2+ ViVsUist+ V2V3U 23, (36) 


where 


d, de d3 1 ei (2) €3 1 h? 
Ure terterten) + a Se +1( + + )-. (Co? +3A oBo) 


Wi? we? ws WoW3 W1W3 WiWe 8 ApBoCo 














}cos y+A>! sin (+= +[B,' sin y—Ao! cos y ]? “+—)| 




















1 ao a, 1 h? 9a,? b;? Ce 6a), 643Ce2 2biCe 
Iie 
4 \wet wy)! 8 wi bw? ws? we? wiws WiWe, Wows 
[= be? ¢;2 6debe 6a2C, al “a Ce? oo c;? 
8 wel we? ws? wi? wows WiWe W133 4 entiutad etudtextud 
be? b,? 
wid 
wews"(2ws+we) wiws"(2w3+w1) 
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1 /3d, eé es 1 kh? W3 
anal” ui —+ )+- [Bot cos y +A! sin y }* noth 


w 1? WeW3; WiWe 4 C,? @3 Wi 











1 A? £27a,;? 12a;b, 12a;ce 1A? fc;* Saocy dec 3 a; 
+ + ) ) 





8 wi7\ w;? W1W3 W1We 2 we? wi?) wiwe ww; 8 w;! 
1 4c,” (4w) nana we)c;? 46,7 
anal oa 
4 Lwiwe(4we?—w)?) wy ?we(4w1?—we?) —w1w3(4w 3? — w1”) 











1 3do al e3 1 h? 2 W3 
U r= hart h( +——+ ) +. —[Bo! sin Ao! cos 1} +=) 


we" WeW3 WiWe 4 C,? W3 We 














1 A? 27a?’ 12a2b2 12a2c; 1 kh? C2” 3a iC bice 3 a," 
( + + ) . ) : 


















































8 we? \ we? Wow 3 W1W2 2 wi?7\we? wiwe wows 8 we 
“a 4c,? (4we —w3)C2” 4b, 
4  Lawywe(4wi?—we?) wywe?(4we?—w”) wow s(4w3? — we?) (37) 
7 
1 3d3 ei eo hed @) 
U3;=hw3+—-h?{ —+ -[ Bo! cos y+Ao! sin 7}? sais =) 
2 W3" Wes WW Tic 0” 
h? W3 1 h? be? 3debe bec, 
-[ Bo! sin y— Ao! cos y }? send --—(= + ) 
*; O° W3 We 2 wo? \ws? wows wiws 
1 A? b;? 3a;b, bice 1 (we — 4w3)be? (w; — 4w3)d,? 
aoe | 
2 wi? \w3? wiws Was 4 Lwew3?(4w3?— we?) wyws3?(4w 3? — w 1”) 
1 A? 15a;* c¢;? c;? 
Ui;=-—{[ 3d,- —_— ——"--) 
Ww) 2w;? we? =. 2(4w1? — we?) 
1 hf? 15a” C2? C2” 
2 we? 2we? wi” 2(4we? —w”) 
1 A? b,? be? be? b,? 
Uy_=—-—{ 3d.-—-— ) 
2 ws” wi? we? 2(4w3?—we?) 2(4w3?—w,*) 
h? 3a;C2o 32, 2c2? 2c;? 
Uy= («- = ” = ) 
W1W2 w}? we? (4we?—ws?) (401? — we?) 








1 h? 1 6a,b, 2bec) 4),? 
U33=- {2e.+—[B3 cos y+A o! sin ¥ }?(w1?+ws*) ene ~— —_ 








2 wiws 0 w)? we? (4w3?—w)") 

1 h? 1 6de2b2 2bice 4b,’ 
U2s=- {2e1+—[Bo! sin y—Ag! cos y ]*(w2?+w3") — _ _ 

2 wows 0 we sw” (4w3? — wa?) 


and in which 
1/A,=Xot+ViXitV2X2t+VsXs; 1/Be=VotVilit V2¥e2t+ Vs Vs; 1/C.=Zot+ ViZit V2Z2+ V3Zs 


where 
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1 3h scos*y sin?’y Ag od | 3a, db; ce\cosy 3a2 be ¢1\siny7 
Xo=— {14-— a Na (“+""+) 7 4(—++-) |, 





Ww me 


Ao A,'L 
1 3h fsin?y cos*y Bo hf f3a, 6b: ce\siny 3d2 be c¢1i\CcOsS y7 
+ + ) ( + ) ; 


2 Ao Wi We w3lo WI W3 We @1~ We W3 @1 














Yo=—j1+-— 




































































By 2 Bo Wi We w3Co Bott Wi W3 We @1" We W3 Wi we? J 
1 3 h [Ao cos y—By' sin y }* PRs ' sin y +B)! cos y }? 
call | 
Co 2¢ 0 1 We 
h [Ao cos y+B,' sin 2(= bi Ce h [Ao sin y—Bo' cos y) /3a2 de “) 
Co” w" W1 Wz We Co? we" We W3 Wi 
lh |=" o sin y+B,! cos i sin y — Ao! cos || 
2 C3 w1@3(w1+w3) wow3(we+ ws) 
h 3a,cosy c,siny 
X\= {3 cost 7 +24,H( + )| 
wiAo w}” 
h 3a,siny ¢, cosy 
Y,= {3 sint 7-280 ( = )}. 
w2By? w)? we? 
h (3 ay : 2¢1 : 
Z\= —[A,! cos y— Bp! sin y }?+ ies o! cos y+ Bo! sin y ]+—([Ao! sin y — Bo! cos y ] 
w Co? Co w 1" we” 
1 (w3?+ 3w?) 
——[B¢! cos y+Ao! sin y #———}, 
Co ws” — w”) 
h 3adesiny C2cos y 
Xo= {3 sint +24 oF )| 
WwW 0 we? 
h 3a2cosy C2sin y 
Y2= pa cost 9+ 2B ( — )}. 
w2Bo we” w,? 
3 
Z2= —[A,} sin y+B,! cos Pon “TAo sin y— B,! cos y]+—[Ae !cos y+Bo' sin y ] 
wel 2 Co we” w)” 
1 By! si as ——— 
——[B,! sin y—Ao! cos y }*#————} 
Co (ws? — we?) 
h {3Ao bicosy besin y 
X3= {—*+-240H( + —)}: 
w3A 7 Co w,? 
b; sin 7 be cos y 
tee A a 
w3Bo? 
w?+3w3? 1 : (we? + 3ws") 
Z3= ~ |= [Bo cos y+Ao! sin y_]}*#———_+—[Bo! sin y — Ao! cos y_]*———— 
w3Co? w3?—wi? Co ws” — we”) 


2b; 2be 
+—lA? cos y +B, sin yJ]+—IA4 o sin y— Bo! cos y ] 


@1 we 





(38) 
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and in which 











1 cos*y sin? y 1 sin? y cos? y 
a=—h’A ( + ) : rae ( + ) ; 
8 w;" We” 8 w;? we? 
(39) 
1 (we? — w”) 1 h?Co 
5=—h*A ,i\B,i——_ sin y cos y;_ e=- 
8 w17we? 8 w;? 


In the Eqs. (37), (38) and (39) the notations, w;=27v, and h=h/27, have been used for the sake of 
brevity. 

The quantities A,, B, and C, occurring in (35) are the effective moments of inertia introduced by 
Wilson and Howard which are entirely independent of the rotational quantum numbers, and the 
coefficients of the terms quartic in P, which are the centrifugal expansion terms, are equivalent to 
their tas,s. The problem of the oscillating-rotating polyatomic molecule is thus here reduced to that 
of a semi-rigid rotator where all the coefficients may henceforth be regarded as constants so that the 
ultimate question of finding the energy values is essentially no different than that encountered in the 
zeroth-order approximation. To set up the matrix 1/7 in an explicit form we have but to know what are 
the nonvanishing elements in our representation of the matrices P,Ps3 and P.PsP,P;. The first of 
these have been derived by Wang and by Klein who have shown that only the (K|K) and the 
(K|K+2) elements are different from zero and the second group have been examined by Wilson and 
Howard who found that the only nonvanishing elements of these are the (K|K), (K|K+2) and the 
(K|K+4) elements. For convenience they are listed below : 


(K| P.?|K)=(K|P,?| K)=}h*(f—K?), 
(K| P.?|K+2)=—(K|P,?|K+2)= fh? {(f—K(K+1) J[f—(K+1)(K+2) ]}}, 
(K| P.*|K)=K*h’, 
(K|P.4|K)=(K|P,‘| K) = jh‘(3f?—2f—6fK?+5K*+3K‘], 
(K|P.4|K+2)=—(K|P,*|K+2)=}h‘(2f—K*-—(K+2)*] 
x [[f-K(K+1) J[f—(K+1)(K+2) }}}, 
(K| P:*|K+4)=(K| P,*| K+4) =3h*|(f—K(K+1)][f—(K+1)(K+2)] 
X(f—(K+2)(K+3) J[f—(K+3)(K+4)]}}, 40) 
(K|P.4|K)=K‘h', 
(K|P2P/+P,?P,*|K)=(K|P,?P.2+P,’P,*| K) =h'K*(f—K?), 
(K|P2P2+PP,*|K+42)=—(K|P/P.2+P,’P,?|K+2) 
= jh‘(K?+(K+2)*)|(f-—K(K+41) J[f—(K+1)(K+2)]}}, 
(K|P2P,j2+P,2P,2|K) = the'(ft+2f—2fK?-5K?+K‘], 
(K|P2P,?+P,/P,*|K+2)=0, 
(K| P2P,2+P,?P,2|K+4) = —2(K|P,*|K+4), 
(K | (P.P,+P,P:)?|K) =} f?—2f—2fK°+5K?+K‘*], 
(K|(P:Py+P,P:)*|K+2)=0, 
(K|(P:P,+P,P:)*|K+4)=—4(K|P.*|K+4), 


where f is used as an abbreviation for the product J(J+1). 
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TABLE I. Secular determinant for J =2. 



































¥(—1)—y(1) ¥(—1)+¥(1) ¥(—2)—¥(2) ¥(—2)+y¥(2) 
oT) of) 2 ¥(0) a 
¥(—1)-—y(1) | R2 +2— f 
23 _X (Ret 2Rs)—« 
¥(—1)+y(1) R2+Rst+f 
23 X(Rit+2Rs)—€ 
¥(—2)—¥(2) 4R.+16R; 
23 ~ Ref f=2)—< 
= (Rit 4Ry) 
¥(0) ‘ x (2-2) 
¥(—2)+¥(2) (Ri+4R;) 1 4Ri+16R; 
23 x [2f(f— 2)7}! +Ref(f—2)- 














With the aid of these relations we may write down explicitly the matrix components for the 
Hamiltonian. These are conveniently written as follows: 


(K|H|K)=3h?{Ro+RiK?+R2K‘}, 
(K|H|K+2)=}h?|(f—K(K+1) ][f—(K#1)(K#2)]}*{Rs+ RL K*+(K+2)*]}, (41) 
(K|H|K+4)=38°R;{(f-—K(K+1) J[f—(K+1)(K+2) ][f—(K+2)(K+3) ][f—(K+3)(K+4)]}}, 











where 
ri a B 46 Se a B 26 te 
raft +!) o( tat) We [a(n te 
L2\A. B Ao* Bo AB” ApBoCy? Ay* Bo Ay?By? ApBoCo? 
j 1/1 1 a B 106 20¢ 
R,=| —-(—+— ~)to-s —+— )+—_- | 
L 214, B Ge Ayo* Bo! Ao?Bo? anal 














“46 até B+6 Se 
+|o (—+=)+- -»(—_ ++.) h. 
4 Ay*Bo? Ao?Co? Bo? Co? An BoC? 
| a B (a+8+25) 26 (a+6) (B+6) 4e 
—3{ —+— }--8 - 8 +8 
q Ao* Bot Cot Ay?Bo? Ao?Cy? Bo?Co? ~ ApBoCo? 


Ry= -(—-—)- ee } 
Seger) 


1fa 2e 
R;=| —- SX + + |: 
. 2 Ag! Bo! Ao?By? ApBoCo? 


The actual energy values are now obtained as in the zeroth-order problem simply by diagonalizing 
the matrix H. This is most readily accomplished by setting equal to zero the so-called secular determi- 
nant of which the elements are | (K|H|K’)—E6!xx- and determining what are its roots. This secular 


(42) 
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TABLE II. Secular determinant for J =3. 







































































¥( —2) —¥(2) ¥( —2) +¥(2) ¥(—3)-—v(3) = ¥(—1) -¥(1) ¥(-1) +41) ¥( —3) +¥(3) 
2 ¥(0) 2 2 2 oT) 2 
¥(—2) ~¥(2) | 4R:+16Rs 
23 —Ref(f —2) —e 
_ (Ri +4Rs) — 
¥(0) x [2ff—2)]4 
¥(—2) +¥(2) (Ri +4Rs) 4R2+16Rs 
23 X [2f(f -—2)]4 +Ref(f—2) —e« 
— OR:+81Ri—e |(Ri+10Rs—Ry | 
u(—3) —¥(3) ; ¥(3) x [(f —2) 
X(f —6)]4 
of 1) << (Ri +10Rs —Re) | Ro +Rs -—f 
woe x [(f -2) X(Ri+2Rs) —e 
X(f-—6)} 4 
“i R:+Rs+f (Ri +10Rs +Ro) 
woe TX (Ri +2Rs) —e | XI —2) 
x(f—6)}4 
¥(—3) +¥(3) (Ra +10Rs +Re) 9R2+81Rs —e 
2 x (f-2)( f-6)]8 














determinant will also here be rather simple and will resemble the Wang-Klein secular determinant 
for the asymmetric top, but will contain two additional subdiagonals arising from the “(K|K+4) 
terms in H. Like the Wang-Klein determinant it may at once be factored into two steps of J and J/+1 
rows and columns simply by rearranging the rows and columns of the determinants so that the even 
values of K stand together and the odd values of K stand by themselves. It is interesting in this 
connection to note that the step of J+1 rows and columns for a given value of J, expressed in terms 
of the R;’s, repeats itself as the step with J rows and columns for the next higher value of J. This 
comes from the fact that the even values of K for an even value of J, say J’, are exactly the same as 
the even values of K for the odd value of J, J’+1, and the odd values of K for an odd value of J, J”, 
are the same as the odd values of K for an even value of J, J’’+1, particularly since we have expressed 
the matrix components of H in terms of the R,’s which for a given value of the quantum number J are 
just parameters. This observation does not, of course, mean that the energies of these two sets of 
states are the same since the R;(J’+1) will not be the same as the R;(J’). The two steps into which 
the secular determinant can be separated can each be further divided into two steps as Wilson and 
Howard have demonstrated, by taking as the basic rotational functions (1/2)!{y(K)+y¥(—K)} 
instead of ¥(K) and ¥(—K). The above discussion will be illustrated by reference to the cases where 
J=2 and J=3; (Tables I and II) ¢ has been substituted for {8x?E/h?—R,}. It will be seen in the 
above two cases that the energies where /=2, K = +2, 0 are the same functions of R;(2) as are the 
energies, J=3, K= +2, 0 of the parameters R;(3) and that by chosing as the basic rotational function 
(1/2)#{y(2)+y¥(—2)}, (1/2)#{y(+1)+¥(—1)}, ¥(0) for the states when J=2 and the corresponding 
ones for J=3 the above secular determinants factor into four steps each. 

The secular determinants for the energies have actually been expanded for the values of J from 
zero to four inclusive. The values of ¢ for these cases are given below : 


J=0 «=0, 

J=1 «=0, 
e=(Ro+ Rs) + (Rif +2Rsf), 

J=2 €=(Ret+Rs)+(Rift+2Rsf), 
€=43[4Ro+16Rs+-Ref(f—2)]£}{[4Re+16Rs+Ref(f—2) 2 +8f(f—2)(Ri+4Rs)?} 8, 
e=[4R.+16Rs—Ref(f—2)], 
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J=3 ¢=[4R2+16R;—Ref(f—2)], 
e=4[4R2+16R3+Ref(f—2)]+3|[4Rot+16Rst+Ref(f—2) 2 +8f(f—2)(RitRs)?} 3, 
e=43[10R.+82R3—f(Rs+2R;) J+} {[8R2+80R3+f(Rst2Rs) ?? 

+4(f—2)(f—6)(Ri+10R;— Re)*}}, 
e=3[10R2+82R3+f(Ri+2R;) ]+3{[8Re+80R2—f(Rs+2R;) }? 
+4(f—2)(f—6)(Ri+10R;+Re)?}}, 

J=4 ¢=3[10R.+82R3—f(Ri+2Rs) ]+3{[8R2+80Rs+f(Ri+2Rs) ]? 

+4(f—2)(f—6)(Ri+10R;— Re)?}}, 
e= }(10R2+84R3s+f(Rit2Rs) J+} {[8R2+80R3— f(Rat2Rs) }? 
+4(f—2)(f—6)(Ri+10R5+Re)?}!, 
e=3[20R2+272Rs ]+3{(12R2+240Rs)?+4(Ri+20R;)*(f—6)(f—12)}3, 
0 = e?—[20R.+272Rs Je? +[64(R2+4R3)(Ro+16R3) — Re? f(f—2)(f—6)(f—12) 
— (Ri +20R;)*(f—6)(f—12) — (Ra +4Rs)*f(f — 2) Je+16(Re+16Rs)(Rit+4Rs)? 
+[4Re?(Re+4Rs) — 2(Ri+4Rs) (Rit 20Rs) Re lf(f—2)(f—6)(f—12). 


The problem of the selection rules and the symmetry properties of the X Y2 type of molecule has been 
critically studied by several authors®: *:* and we shall consider it unnecessary to deal with these 
subjects in this work. For a complete and detailed discussion of these important questions the reader 
is referred to the work by Dennison® in the Reviews of Modern Physics. 

We should like, in conclusion, to express our gratefulness to Professor L. H. Thomas of this 
department for his continued interest in our work and for the many helpful discussions we have had 
with him from time to time relative to this problem. 


Note added in proof.—In molecules like H.O, H,S, etc., w; and ws; are nearly coincident so that it becomes important to 
examine the quantity (1/Co)(Bot cos y+Ao! sin 7)? (wi?+ 3w2?/w3?—w;?) which occurs with opposite signs in Z; and Z: and 
is due to a coriolis interaction. If one makes the approximation that w: depends only upon the potential energy constant 
(k2) and that the mass of a Y atom is negligible in comparison to that of the X atom it is easy to show that the above 
quantity will vanish. If this were not so, C would suffer large variations with increasing V; and V; so that strong con- 
vergences of the rotation lines in »; and v2 should appear. Such convergences have never been observed. 


8H. A. Kramers and G. P. Ittman, Zeits. f. Physik 58, 217 (1929). F. Hund, Zeits. f. Physik 43, 805 (1927). 
9D. M. Dennison, Rev. Mod. Phys. 3, 280-345 (1931). 
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LETTERS TO THE EDITOR 


Prompt publication of brief reports of important discoveries in physics may be secured by 
addressing them to this department. Closing dates for this department are, for the first issue of the 
month, the eighteenth of the preceding month, for the second issue, the third of the month. Because of 
the laie closing dates for the section no proof can be shown to authors. The Board of Editors does 
not hold itself responsible for the opinions expressed by the correspondents. 


Communications should not in general exceed 600 words in length. 


Regularity in Nuclear Magnetic Moments 


The magnetic moments of the proton and deuteron are, 
in my! estimation, 39/14 and 12/l4uy, respectively. 
Assuming that the magnetic moment of the neutron may be 
obtained by subtracting these two, the value for the 
neutron is 27/l4yy. There seems to be very little doubt but 
that the magnetic moments of Li®, Li? and Be® are 23/28, 
91/28, and 11/l4uy, respectively. This suggests the idea 
that the magnetic moment yu of any nucleus is such that 
14u=ryuy, where r is a rational number usually with a small 
denominator. This seems to be in accordance with the best 
values of uv in the cases of B'*, B", N4, Al??7, Rb®, Rb®?, and 
Cs'3 where r appears to have the values 8}, 37.5, 5.6, 50.75, 
18.75, 38.25, and 35.75, respectively. It will be interesting 
to test this idea as more and better data become available. 

Enos E. WITMER 

Randal Morgan Laboratory of Physics, 

University of Pennsylvania, 


Philadelphia, Pennsylvania, 
June 21, 1939. 


1Abstract No. 38, Princeton Meeting of the American Physical 
Society, June 23-24, 1939. 





Fluctuations in Intensity of Static 


We have been making observations of the intensity of 
atmospherics as received at the Radio Laboratory of the 
University of Puerto Rico located at Rio Piedras (near 
San Juan), Puerto Rico. These observations were initiated 
with a view to making a consistent study of diurnal and 
seasonal changes in static intensity as received at our 
laboratory on a variety of frequencies. 
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A curious phenomenon was observed during these tests 
which has not come to our attention in previously reported 
work. Two examples of this effect are shown in Fig. 1. 
It will be noted that at certain hours during the night (in 
the cases shown, soon after sunset) the recorded static level 
was observed to show an abrupt diminution. During several 
nights, as in one example shown in Fig. 1, more than one 
of these dips were registered. A more complete record of 
times and frequencies on which the phenomenon was ob- 
served is indicated in Table I. 


TABLE I. Sudden dips in static intensity. 

















Max. Max. 
DeE- De- 
TIME | TIME | CREASE | TimE | TIME | CREASE 
f Date | BEGIN; END IN DB | BeGin| END IN DB 
280 ke | 4/13/39) 7:42P | 8:21P e 9:03P | 9:22P e 
4/15/39) 6:56P | 7:36P 6 8:12P | 9:04P 6 
4000 ke | 4/21/39 8:24P | 8:42P 12 
2000 ke | 4/26/39 8:47P | 9:17P 6 
4/27/39) 8:01P | 8:08P 6 9:04P | 9:20P 7 
4/28/39 8:42P | 9:17P 7 
4/29/39) 6:21P | 7:17P 4 
5/ 2/39| 7:46P | 8:30P 9 
5/ 3/39| 8:40P | 9:04P 6 
5/ 4/39} 8:07P | 8:14P 4 8:46P | 8:52P 5 
100 kc | 5/ 6/39) 7:49P | 8:04P 5 
5/ 9/39) 8:24P | 8:40P 4 
5/10/39) 7:56P | 9:26P 25 
5/11/39) 8:08P | 9:32P 16 
5/12/39) 6:30P | 7:17P 16 
5/13/39) none 
5/14/39) 8:42P | 9:18P 10 
siete ened 10:55P 4 


























é—no intensity value available. 


The records of static intensity shown were recorded with 
a conventional HRO receiver, the output of which was 
adapted for use with a Leeds and Northrup recording gal- 
vanometer. The ordinate scale indicated is in decibels above 
1 microvolt set input. In most cases there was no abnormal 
magnetic activity. 

In some, but not all, cases listed, the equipment was 
monitored during the fade-outs to be sure that no signal 
interference was present. No such interference was ob- 
served at any time. 

We are planning an extended study of the phenomenon 
and a more complete presentation and discussion of the 
results. Meanwhile, we would welcome other reports of the 
phenomenon described. 

G. W. KENRICK 
P. J. SAMMON 


University of Puerto Rico, 
Rio Piedras, P. R., 
June 8, 1939. 
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Ridges in a Liquid Surface Due to the Temperature 
Dependence of Surface Tension 


The occurrence of tears in strong wine was explained 
many years ago by James Thomson.' It arises from evapo- 
ration, which depletes the alcohol in the wine at the rim 
of a glass. The result is a greater surface tension at the 
rim than at the center, and the wine is continuously drawn 
up onto the side of the glass, whence it returns from time 
to time in the form of tears. As recently as 1931 the process 
in various other liquids was studied by Loewenthal,? who 
concluded that it can occur only in mixtures. An analogous 
phenomenon can occur in pure liquids, however, if tem- 
perature gradients are allowed to exist. 

It is a matter of common observation that a layer of 
liquid often has a ridge at each border when it is allowed 
to drain from a flat vertical surface. That this phenomenon 
is an illustration of the effect of temperature upon surface 
tension has been shown in this laboratory by experiments 
with a layer of liquid on a microscope slide. The effect was 
found to occur in a volatile liquid such as water or acetone, 
but not in octoil-s, a substance with a very low vapor 
pressure. It did not occur even in a volatile liquid, if the 
surrounding atmosphere was saturated with vapor, but a 
ridge appeared immediately on exposure to the air of the 
laboratory. Reinsertion into the vapor caused the ridge 
at each border to slide over the surface toward the center 
until the layer was divided into three strips of equal width. 
Thus the greater evaporation or condensation at the border 
set up a local temperature gradient, and the corresponding 
inequality of surface tension created a motion in the liquid. 

As a direct test of the effect of temperature a slide with 
a layer of liquid was held in a horizontal position, and the 
back was touched with a glass rod which had been cooled 
in liquid air. The liquid was drawn up into a mound over 
the point of contact in all of the substances investigated 
regardless of volatility. In the case of water, circulation in 
the mound was made visible by a dilute suspension of 
bentonite clay. At the free surface the water flowed toward 
the center of the mound, while underneath it flowed away. 
The slide was turned into a vertical position and was sup- 
ported at the bottom by a pair of greasy forceps. A well- 
defined monolayer spread up over the surface. The mound 
collapsed and disappeared when the monolayer covered it. 

The contour of the free surface of a layer on a horizontal 
slide under conditions of steady flow may be found by an 
analysis of the motion of the liquid. The layer may be 
assumed to be thin, and the thickness h may be assumed 
to vary slowly with the surface coordinates. Inequality in 
the surface tension 7 is then accompanied by a tangential 
stress in which the force per unit area is equal to the 
gradient of -. If the surface is clean, the liquid flows in the 
direction of increasing y with a local velocity which is a 
linear function of the distance z above the fixed plane. 
The liquid experiences also a force which arises from the 
gravitational field and from inequality in the pressure. 
The force is directed parallel to the surface, and the liquid 
flows with a velocity which is a quadratic function of z. 

The resultant velocity v is expressed by the equation 


nv =2Vy+ (42*—hz)pgVh, 
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in which 7 is the viscosity and p the density. Vy and Vk 
are the vector gradients of y and h. The current flux in the 
layer is expressed by fo" vdz. At the steady state the flux 
vanishes, and h is related to y by the differential equation 


12V-y — hipgVh =0. 
The integral of the differential equation, 
3y—pgh?=c, 


is the equation of the free surface. Thus, for example, a 
1.0°C temperature difference between two points in a 
layer of water at 20° creates a 0.15 dyne per cm difference 
in surface tension, and if the thickness were 0.2 mm the 
difference in elevation would be 0.09 mm. 

If the layer is held in a vertical position the liquid is 
drawn into the cooler regions and then continues downward 
under a ridge. When an insoluble monolayer spreads over 
the surface it takes up the tangential stress, and the liquid 
is allowed to flatten out. 

The writer takes pleasure in thanking Dr. Irving Lang- 
thuir for calling this phenomenon to his attention, and 
for making several constructive suggestions during the 
progress of its investigation. 

ALLEN V. HERSHEY 


Research Laboratory, 
General Electric Company, 
Schenectady, New York, 
June 1, 1939. 


1 Cf. the article ‘Capillary Action” in the ninth edition of the Ency- 
clopedia Britannica. 
2M. Loewenthal, Phil. Mag. 12, 462 (1931). 





Klein’s Fifth Dimension as Spin Angle 


Although originally ‘‘classical,’’ Klein’s five-dimensional 
theory has been translated into quantum matrix form by 
Flint,’ and its relations with Dirac theory well clarified. 
One attractive feature of the five-dimensional point of view 
appears to have been overlooked: by choosing the arbitrary 
scale factor so that the wave function is 4x periodic in the 
fifth dimension it follows that (a) this fifth dimension can 
be interpreted as spin angle with the electron spinning 
round once between each de Broglie node; and (b) the fifth 
component of the charge and current vector turns out to be 
exactly one Bohr magneton associated with the spinning 
electron. 

This point of view removes the objection that the fifth 
dimension is a purely ad hoc hypothesis without physical 
meaning. It further illuminates the frequently ignored fact 
that in order to follow classical laws under classical 
conditions the electron must forget that it has spin when it 
gets free from nuclear fields. By treating the spin as a fifth 
dimension the Hamiltonian for continuous energy states is 
found to be independent of the spin, which contributes at 
most a constant mechanical energy (mass) independent of 


magnetic fields.? 
WILLIAM BAND 
Yenching University, 
Peiping, China, 
May 30, 1939. 


1H. T. Flint, Proc. Roy. Soc. Al31, 172 (1931); A159, 45 (1937). 
2? W. Band, Communicated Phil. Mag. paper giving details. 
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Fission Products of Thorium 


Several long-lived noble gases from thorium irradiated 
with fast neutrons (9 Mev, from deuterons on beryllium) 
have been observed. One of these gases is a krypton of 
3-hour half-life which decays into an 18-minute rubidium 
previously reported by Aten, Bakker and Heyn.! This 
rubidium has been checked chemically. The same period 
appears in the neutron bombardment of rubidium? and 
hence is either Rb® or Rb**. But Kr® is stable, so that the 
18-minute rubidium and its parent krypton are most 
probably to be assigned to nuclei of mass 88. 
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There are several other longer-lived noble gases with 
very soft radiations, of which the longest-lived one ob- 
served has an apparent period of 5} days. None of these 
gases leaves an appreciable active deposit. 

I wish to thank Dr. E. Segré, who has been closely 
associated with this work. 


ALEXANDER LANGsDORF, JR. 
Radiation Laboratory, 
University of California, 
Berkeley, California, 
June 14, 1939. 


1A. H. Aten, Jr., C. J. Bakker and F. A. Heyn, Nature 143, 679 
(1939). 
2 Arthur H. Snell, Phys. Rev. 52, 1007—1022 (1937). 
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MINUTES OF THE PRINCETON MEETING, JUNE 23-24, 1939 


HE 229th regular meeting of the American 

Physical Society was held at Princeton, New 
Jersey on Friday and Saturday, June 23 and 24, 
1939, at Princeton University. All scientific ses- 
sions were held in the Palmer Physical Labora- 
tory. The presiding officers were Dean John T. 
Tate, President of the Society, Professor John 
Zeleny, Vice President; Professors G. P. Harn- 
well, Elmer Hutchisson, I. I. Rabi and H. W. 
Webb. The attendance at the meeting was about 
two hundred and fifty. 

A symposium of invited papers on ‘‘Nuclear 
Fission’ was held on Friday morning, June 23 
at nine-thirty o’clock in the Palmer Physical 
Laboratory with Dean Tate presiding. The 
speakers were Dr. M. A. Tuve of the Carnegie 
Institution of Washington on ‘‘The Discussion of 
Experimental Information Regarding Fission 
Processes” and Professor John A. Wheeler of 
Princeton University on ‘“The Mechanism of the 
Nuclear Fission.” 

The local committee arranged for tours of the 
University, to several private gardens and other 
points of interest as well as for golf, tennis and 
swimming. The Department of Physics gave a 
garden party on Friday afternoon at the home of 
Professor and Mrs. Henry DeWolf Smyth. A 
picnic at Squatters Camp on Saturday afternoon 
was arranged for members and friends with about 
one hundred and fifty persons present. 

An informal dinner was held on Friday evening 
at seven-thirty o’clock in Proctor Hall at the 


Graduate College. Dean Tate presided. President 
Dodd of Princeton University was the only 
speaker. There were two hundred and one guests 
at the dinner. 


Meeting of the Council 


At its meeting held on Friday morning, June 
23, 1939 the deaths of two fellows (William Fox 
and Charles F. Lorenz) and two members (Mabel 
A. Chase and Malcolm F. Jameson) were re- 
ported. Ten candidates were transferred from 
membership to fellowship and fifteen candidates 
were elected to membership. Transferred from 
membership to fellowship: Katharine B. Blodgett, 
Ernest E. Charlton, Gorton R. Fonda, Moritz 
Goldhaber, Caryl P. Haskins, William P. Jesse, 
Emil J. Konopinski, Donald H. Loughridge, 
Chauncey G. Suits and Rolland M. Zabel. 
Elected to membership: Hugh M. Barton, Jr., 
Charles L. Clark, Joseph R. Feldmeier, John M. 
Formwalt, Miles G. Greenland, J. Lee Kavanau, 
Kenzi Konda, W. Tempelaar-Lietz, Lise Meitner, 
Sidney K. Shear, Francis R. Shonka, Alfred L. 
Sklar, C. K. Sundarachar, Benjamin Sussholz, 
and Harold Tivey. 

The regular scientific program of the Society 
consisted of fifty-four papers, of which number 
30 was read by title. The abstracts of these 
papers are given in the following pages. An 
author index will be found at the end. 

W. L. SEVERINGHAUS 
Secretary 


ABSTRACTS 


1. Transmutation of Boron by Deuterons. ERNEST 
PoLLaRp, W. L. Davipson, JR. AND Howarp SCHULTZ, 
Yale University —The emission of charged particles by 
boron under bombardment by 3.2 Mev deuterons from a 
cyclotron has been studied. An absorption curve shows 
that the energy spectrum is complex, at least four groups 
being present. Of these, one is identified with the reaction 


B+ D*+Be®+Het 


as studied by Cockcroft and Lewis. Two others are due to 
the reaction 


B+ D*+Bu+H! 


giving excited states of B". The fourth, a relatively intense 
group, has a range of 30+3 cm and is possibly due to the 
reaction : 


Bu+ D2+B*?+H1, 


If this interpretation is correct, the value 12.0172 can be 
deduced for the mass of B*!*, which is in reasonable agree- 
ment with the value expected from the inspection upper 
limit of the 8-ray spectrum. 
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2. Proton Induced Radioactivity in Fluorine and Sodium. 
E. C. Creutz, M. G. Wuite, L. A. Devsasso, J. G. Fox, 
Princeton University Bombardment of fluorine and so- 
dium with 5.3 Mv protons has yielded two new positron 
emitting isotopes which probably arise from the reactions 
F19(p,n)Ne'® and Na*(p,n)Mg*. Both these reactions are 
of theoretical interest because Ne! and Mg* have a proton 
excess of unity while F!® and Na* have a neutron excess of 
unity. Wigner and others have pointed out that if one 
assumes n-n, n-p, p-p forces equal, then in the above nu- 
clear types the difference in binding energy is due solely to 
the Coulomb repulsion of the protons. Taking the volume of 
the nucleus proportional to the number of particles one 
may calculate, from simple electrostatic considerations, 
the expected upper limit of the positron spectrum and 
hence the half-life and reaction threshold. On these grounds 
the threshold for the F!*(p,) Ne!® reaction should be about 
4.2 Mv and the half-life approximately 40 sec. We bom- 
barded several fluorine compounds and found a 20-sec. 
period with a reaction threshold of about 4.2 Mv. Similarly 
one expects the reaction Na*(p,n) to commence at about 
5.0 Mv, the resulting Mg* decaying with a half-life of 9 sec. 
Bombardment of Na metal in an atmosphere of hydrogen 
gave a 12.4 sec. positron emitter with a threshold somewhat 
above 5 Mv. 


3. The Neutrons from the Disintegration of Fluorine 
by Deuterons. T. W. BoNNER, Cavendish Laboratory, 
Cambridge University —The neutrons from the disintegra- 
tion of fluorine by deuterons have been investigated by the 
method of observing helium or hydrogen recoils in a high 
pressure cloud chamber. When targets containing fluorine 
were bombarded with 950 kv deuterons, several groups of 
neutrons were observed. The disintegration Q values com- 
puted from the energies of the neutron groups are 10.80, 
9.33, 6.62, 5.39, 3.53, 1.84 and 0.74 Mev. The nuclear reac- 
tion appears to be (F!*, H?; Ne”, n’). The disintegration 
value Q=10.80+0.20 Mev corresponds to a transition to 
the ground state of Ne®* and the smaller Q values indicate 
excited states in Ne at 1.5, 4.2, 5.4, 7.3, 9.0 and 10.1 Mev. 
Only a small fraction of the neutrons belong to the group 
of maximum energy. The excited states in Ne®® at 5.4, 7.3, 
9.0 and 10.1 Mev are unstable against alpha-particle emis- 
sion and so may break up into O" and an alpha-particle. 
The experimental width of the level in Ne®® at 10.1 Mev 
appears to be not greater than about 0.3 or 0.4 Mev. 


4. Search for 8 and Delayed +y-Radiation from the 
d-d Reaction. M. H. KaNNER AND W. T. Harris, 
Princeton University.—Recent results of Bonner! indicate 
the probable existence of an excited state of He® 1.85 
Mev above the ground state resulting from the reaction 
d(d,n)He*. Bonner finds 10 percent of the reaction has 
Q=1.48 Mev compared with Q=3.32 Mev for the reaction 
leading to the ground state of He’. A search has been made 
for the B-radiation which would result from either of the 
following processes: 


He*—He?+y 
He**—+H?+ e+ 


(Internally converted), 
(Upper limit 0.8 Mev). 





Observations made by means of a coincidence counter 
sensitive to B-rays of energy greater than 0.23 Mev during 
bombardment of D,O by 135 kv deuterons gave less 
than one in 5X10* of the expected effect if either process 
were in equilibrium with the reaction. 8- and y-rays of long 
life were sought by letting the He* from the target enter a 
separate vacuum chamber through a foil of 1.2 mm stop- 
ping power. This chamber could be sealed off from or con- 
nected to the main vacuum system by a stopcock, and 
measurements were made after alternating bombardments 
with the stopcock open or closed. No measurable 8- or y- 
radiation was observed. From the intensities used we 
calculate that if He** emits e*, the lifetime is geeater than 
10 days, and that if it is y-active, the lifetime is longer 
than 3} hr. 


1 Bonner, Nature 143, 681 (1939); Phys. Rev. 52, 685 (1937), 53, 
711 (1938). 


5. Total Cross Sections of Carbon, Nitrogen, Sodium, 
Magnesium and Aluminum. MaLcotmM MAcCPHAIL AND 
JosepH GIARRATANA, Princeton University.—The total 
cross sections of the above-named elements have been 
studied as a function of neutron energy for energies from 
2.2 Mev to 2.7 Mev. While resonance is exhibited in the 
cases of aluminum and magnesium, no such effect appears 
for carbon, nitrogen or sodium. The maximum cross section 
of aluminum is about 3.0 107% cm? and it occurs at 2.50 
Mev. The width is about 150 kv. The maximum cross 
section of magnesium is 2.5 10~** cm?, occurring at 2.55 
Mev. Its width is also 150 kv. The maximum variation in 
cross section for these two elements is roughly 30 percent. 
The cross sections for carbon, nitrogen and sodium are 
1.5, 1.3 and 2.6X10- cm?, respectively. As a source of 
neutrons we have used a heavy ice target bombarded by 
100 kilovolt deuterons. The energy of the neutrons from 
this reaction is a function of the angle of emission relative 
to the incident beam, varying from 2.1 to 2.8 Mev. 


6. Scattering of Alpha-Particles by Nitrogen. GoRDON 
BRUBAKER,* Yale University—The anomalous scattering 
of alpha-particles from RaC’ by nitrogen nuclei into four 
different ranges of angles has been investigated. The mean 
angles of scattering were approximately 53°, 66°, 87° and 
105°, the total angular spread being about 36° in each case. 
The occurrence of resonance effects in disintegration proc- 
esses produced when nitrogen is bombarded by alpha- 
particles indicates that similar effects should be observed in 
the scattering of alpha-particles. The results show that 
the ratio of observed to classical scattering is not a smooth 
function of alpha-particle energy, the irregularities being 
attributable to resonance phenomena. The course of the 
scattering anomalies varies quite rapidly with angle. 


* Sterling Fellow. 


7. Beryllium Targets for Nuclear Research. MaLcoim C. 
HENDERSON, Princeton University. —Several methods of 
making satisfactory “thick” beryllium targets have ap- 
peared recently.': 2» A simple method for making “thin” 
targets of beryllium seems to have been overlooked. It is 
possible to electrolyze Be directly from a mixture of fused 
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fluorides at reasonable temperatures. The procedure is 
outlined in papers contained in “Beryllium, Its Production 
and Application” published by the Zentrallstelle fiir Wis- 
senschaftlich-Technische Forschungsarbeiten des Siemens- 
Konzerns, translated by Rimbach and Michel and handled 
by the book department of the Chemical Catalogue Com- 
pany, 419 Fifth Avenue, New York City. The electrolyte 
is a mixture of equal parts by weight of sodium fluoride 
and beryllium oxyfluoride. The latter salt is easily pre- 
pared by dissolving Be, BeO, Be(OH)e, or BeCO; in HF and 
evaporating to dryness. The mixture melts below 500°C. 
The electrolysis can be carried out in a graphite crucible, 
which also,acts as anode. The recommended temperatures 
vary with the cathode employed: for Al, below 600°; for 
Cu, 750°; and for iron and nickel, about 900°. The deposits 
are uniform and almost black, adhere strongly to the cath- 
ode if not too thick, and seem to be pure beryllium. 
Sample targets will be shown. It has proved to be difficult 
to get targets thicker than a few thousandths of an inch 
and still have much mechanical strength. The current den- 
sities employed are of the order of 0.1 amp./cm*. At den- 
sities nearer 1.0 amp./cm? there is less diffusion of Be 
into the cathode material and for the thinnest layers such 
densities are better. 


1H. R. Crane, Rev. Sci. Inst. 9, 428 (1938). 
2? T. R. Folsom and G. Ferlazzo, A. A. A. S. meeting, Dec. 28, 1936. 
Van Atta, Clogston and Puls, Rev. Sci. Inst. 10, 148 (1939). 


8. Specific Heat and the Double Minima Problem of 
the NH; Molecule. R. F. Haupt Anp E. TELLER, George 
Washington University—The specific heats of ammonia 
over the temperature range 0° to 150°C have been calcu- 
lated. To determine the contribution of the vibrational 
degrees of freedom the known frequencies of the normal 
vibrations! were used in the Planck-Einstein formula. 
Comparison of observed values? with the calculated values 
indicated that the anharmonicities known to exist in the 
normal vibration of lowest frequency should be taken into 
consideration. The anharmonic energy levels then sub- 
stituted were those calculated by Manning* who made use 
of a double minima potential. This improved the agreement 
with experimental values considerably. Still better agree- 
ment was obtained by taking into account the effects of 
centrifugal force‘ and interaction of vibration and rotation. 
The latter causes a considerable change in the state where 
the molecule has just enough energy to pass from one 
minimum to the other. The agreement between the ob- 
served and final calculated values is within the experi- 
mental error of the observed specific heats. 


1H. Sponer, Molekiils pektren ng 1935). 
2N. S. Osborne, H. F. Stimson, T. S. Sligh, Jr. and C. S. Cragoe, 
Nat. say Stand. Sci. Pap. 20, 65 (1925), No. 501. 
. F. Manning, J. Chem. Phys. 3, 136 (1935). 
tf 'B. Wilson, J. Chem. Phys. 4 526 (1936). 


9. Dissociation of Hydrocarbons by Electron Impact. J. 
DELFOSSE AND WALKER BLEAKNEY, Princeton University. 
—The gases, propane, propylene and allene, have been 
examined with the mass spectrograph and the appearance 
potentials of the most important ions have been measured. 
Although little is known concerning the energies of the 
various free radicals formed, it is nevertheless possible to 
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specify uniquely most of the reactions which lead to the 
observed ions. Upper limits may in turn be placed on the 
ionization potentials of the free radicals themselves. These 
limits fall in the range 9 to 12 volts. The ionization po- 
tentials of propane, propylene and allene were observed 
at 11.3, 10.0 and 9.9 volts, respectively. More than sixty 
ions were observed in the three compounds. 


10. Dissociation of H:O Vapor by Electron Impact. 
ANDREW HustRULID, MARVIN M. MANN AND JOHN T. 
TATE, University of Minnesota.—A mass spectroscopic 
study of the products of dissociation in water vapor has 
been made. The ions which have been observed, their 
relative abundances for an electron energy of 100 volts, and 
their appearance potentials, are listed in Table I. 











TABLE I 
Ion ABUNDANCE App. POTENTIAL (VOLTS) 

H20+* 100.00 13.0+0.2 
OH?* 23.2 18.7+0.2 
Oo* 1.7 26.3+0.5 
H;0+* 0.7 13.8+0.5 
O- 0.12 7.5+0.3 

23.72+0.5 

36 +3.0 








We have found no evidence for higher ionization poten- 
tials of water, in contrast with the results of Smyth and 
Mueller.! The relative abundance of H;0* is a function of 
the pressure. (Resonance) peaks have been observed for 
H.-, having maxima at 7.2 and 9.1+0.3 volts, and for O- 
at 8.8, 11.0 and 13.2+0.3 volts. The probable processes by 
which the various ions are formed will be discussed. 

1Smyth and Mueller, Phys. Rev. 43, 116 (1933). 


11. A Multiple Nomogram for the Atomic Constants. 
Ricuarp A. Betu, Worcester Polytechnic Institute.—It 
seems worth while to investigate the existing discrepancy 
among the precision measurements of quantities of the 
form f=ke%m®h? both analytically and graphically. The 
author has previously! emphasized the calculation of 
errors from the sum of the squares of the deviations of the 
least squares solution as a suggestive analytical approach. 
Graphic charts of the atomic constants have been of two 
kinds: (a) Charts in which the values of f are plotted along 
rectilinear axes at proper angles and in which a set of 
consistent values is denoted by a point.? (6) Nomograms 
or alignment charts in which the values of f are plotted 
along properly spaced parallel scales and in which a set of 
consistent values is denoted by a straight line crossing these 
scales. The Birge-Bond diagram is the classical example of 
this type. A continuous infinity of possible charts of both 
types exists. In all two-dimensional charts it is necessary 
to use an additional relation to reduce to two the three 
degrees of freedom in the f’s; usually the measured value 
and Bohr formula for the Rydberg constant are so used, 
which puts this combination on a different footing from 
the other measured f’s which appear on the diagram. 
The purpose of this paper is to illustrate how relations 
among the exponents of the form aa+b8+cy=0 may be 
used to make nomograms for those f’s which satisfy the 
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relation without further assumptions. Furthermore, these 
groups may be combined on one diagram in such a way 
that the consistency among the groups may be tested by 
observing whether their consistency lines intersect on the 
proper scale. One of the infinitely many ‘‘multiple nomo- 
grams’’ of this type is obtained by arbitrarily assuming con- 
venient reference values ¢o, mo, and ho, which give f the value 
fo, and laying off z = (6000 log f/fo—128)/(3a+68+2y) asa 
vertical scale for f at the abscissa x=6(5a+118+5y)/ 
(3a+68+27). Consistency tests of values plotted on this 
diagram require only the use of a straight-edge and do not 
implicitly involve other measurements than those actually 
plotted on the diagram. 


1R. A. Beth, Phys. Rev. 54, 865 (1938). 

?R. A. Beth, Phys. Rev. 53, 681 (1938). J. W. M. DuMond has 
independently devised another diagram of this type. 

3 DuMond's chart of the (a) type implies the use of the relation 
a+8+7=0 in an analogous way. 


12. Energies in the d°p Configuration of the Nickel- 
Like and Palladium-Like Spectra. A. T. GosLe, Alfred 
University—The theory for internal coupling for two 
electron systems has been applied to the 3d%4p configura- 
tions of Ni I, Cu II, Zn III, Ga IV, and Ge V and the 
4d°5p configurations of Pd I, Ag II, Cd III, In IV, and Sn 
V. The agreement between theory and experiment is 
excellent except for Ni I and Pd I where inter-configura- 
tional perturbations probably account for the discrepan- 
cies. Except for these two cases, no deviation of more than 
3.5 percent of the triplet width due to the d® electrons occurs. 
Separate electrostatic parameters for each multiplet were 
used as in a previous calculation for the platinum-like 
spectra.! The expected relations between them hold fairly 
well, especially for the nickel-like spectra. 


1A. T. Goble, Phys. Rev. 48, 346 (1935). 


13. Additions to the Arc Spectrum of Silver. A. G. 
SHENSTONE, Princeton University—The silver arc spec- 
trum is very inadequately analyzed. Observations in the 
Schumann region have revealed at least nine new combina- 
tions with the low 2S state, but even with these it has not 
been possible as yet to discover the d%s? ?D. This is probably 
due to the fact that *D overlaps the lowest *P state. One 
high level at —20161, probably J=1}, of d*ss 4D has been 
found. The evidence of observations throughout the spec- 
trum indicates that many lines have not been observed 
because of their extreme width. One of the 2S combinations 
in the Schumann region is about 500 cm~ wide. A line of 
such width in the visible would be quite undetectable with 
a large grating. 


14, High Pressure Cloud Chamber. W. E. STEPHENs,* 
W. E. SHoupp,* R. O. Haxspy* anp W. H. WELLS, Wes- 
tinghouse Research Laboratories—A high pressure cloud 
chamber 15 cm in diameter and designed to operate up to 
30 atmospheres pressure has been constructed. The metal 
piston (velvet covered) is sealed with a rubber diaphragm 
and operated by the pressure in the backing chamber. 
This pressure is controlled by a relief valve with two 
springs. One of these springs is set for the expanded pres- 
sure; the other (in series) adds on to give the compressed 


pressure. This latter is controlled by a solenoid and its 
release causes the expansion. Pressure to operate the cloud 
chamber is obtained either from a small compressor or from 
tanks of compressed gas. A high pressure mercury arc 
lamp (Westinghouse 1000 watt H-6 water cooled mercury 
vapor lamp) is used for illumination, and provides ample 
cool light for photographing heavy particles. An all-electric 
timer (modified from Richardson's) has proven very con- 
venient for use in conjunction with the chamber. Pre- 
liminary operation at four atmospheres of nitrogen (and 
ethyl alcohol) indicates that the cloud chamber is quite 
reliable. 
* Westinghouse Research Fellow. 


15. Specific Ionization Measurements and Sign Pref- 
erence for Condensation in a Wilson Cloud Chamber. 
Rospert B. BRopE AND ’G. DALE BAGLEy, University of 
California.—Previous measurements! of the specific ioniza- 
tion for high speed electrons, by counting the number of 
drops per cm along the tracks in a Wilson cloud chamber, 
have confirmed the predicted minimum ionization for 
electrons of 5X10 H? (2 Mev). These measurements indi- 
cated a mean specific ionization for electrons between one 
and 100 Mev, about one-half of the values obtained from 
ionization chamber measurements (i.e. 60 to 70). By chang- 
ing the direction of the clearing field the tracks of the posi- 
tive and negative ions were separated in the plane of focus 
of the camera. At ratios of expansion where considerable 
background was present there were on the average about 
50 to 60 drops per cm in each track. As the expansion ratio 
was lowered, with water vapor in the chamber the positive 
ion track gradually disappeared leaving the density of drops 
in the negative track practically unchanged. By using a 
mixture of two parts ethyl alcohol and one part water as 
the source of vapor, the negative ion tracks were the first 
to disappear. The separation of the tracks and their diffu- 
sion give a measure of the mobility of the ions. Under the 
conditions of the experiments for measurement of specific 
ionization of high speed particles only the drops condensed 
on positive ions were counted so that the number of ion 
pairs per cm is to be taken as equal to the number of drops 
per cm. The minimum probable ionization is therefore 
about 50 ion pairs per cm of path in air at one atmosphere 
pressure and 0°C. 

1 Corson and Brode, Phys. Rev. 53, 773 (1938). 


16. The Nature of Cosmic-Ray Phenomena at High 
Altitudes. W. F. G. Swann, Bariol Research Foundation of 
the Franklin Institute-—Bartol Foundation observations 
made in the stratosphere show a variation of cosmic-ray 
intensity with zenith angle @ which, at the highest altitude, 
is much less than would be expected if the intensity de- 
pended only upon h sec 6, where h is the distance from the 
top of the water equivalent atmosphere. While the mag- 
netic deviation of the secondaries produced by pair pro- 
duction can be such as seriously to affect directional 
measurements in the stratosphere, it cannot be invoked as 
a complete explanation of the small zenith angle variation. 
It is suggested that certain of the primary rays give rise 
in the stratosphere to a situation in which secondaries are 
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shot out more or less uniformly in all directions. Conserva- 
tion of energy and momentum prohibit the realization of 
such a phenomenon in a single act, but it can take place 
through the intervention of an intermediary stage. As one 
of several possibilities, one can visualize a mesotron forma- 
tion with subsequent disintegration of the mesotron. Those 
mesotrons which are formed at rest will have a mean life 
comparable with only 10~* of a second and will disintegrate 
before they have left the stratosphere. Moreover, being 
sensibly at rest, their disintegration particles will, on the 
average, travel out equally in all directions. 


17. The Angular Dispersion of the Cosmic Radiation in 
the Upper Atmosphere Resulting from the Deflection of 
Low Energy Particles in the Earth’s Magnetic Field. 
Tuomas H. Jounson, Bartol Research Foundation of the 
Franklin Institute—In the interpretation of directional 
effects at sea level one may assu...c with close approxima- 
tion that the rays which enter cte instrument have the 
same direction as the primaries which produced them. At 
higher elevations this condition no longer holds and in 
order to estimate the diffuseness of the soft component for 
the interpretation of east-west asymmetry measurements 
a calculation has been made of the angular spread of 
secondary rays produced by deflections in the earth's field 
in the idealized case where the primary rays are incident 
unidirectionally from the vertical. Both radiation and 
ionization losses of energy have been taken into considera- 
tion and it is found that at a depth of 1 meter of water rays 
whose energies exceed 15 Mev lie within thirty degrees of 
the original direction and half of the intensity lies within 
five degrees. The beam broadens at higher elevations or 
when lower energies are included. The corrections to the 
recent east-west asymmetry measurements! because of 
this effect are wholly negligible. 

1 Phys. Rev. 55, 503 (1939). 


18. Evidence for Neutrons in the Cosmic Radiation. 
S. A. Korrr, Bartol Research Foundation of the Franklin 
Institute-—The intensity of neutrons in the cosmic radia- 
tion has been investigated. A series of free balloon flights 
has been carried out, employing neutron counters, and 
automatically transmitting the data to the ground station 
by short wave radio. The neutron counters were filled with 
boron-trifluoride gas.1 The amplifying circuit was so ad- 
justed that only pulses due to alpha-particles were detected. 
Such alpha-particles are produced by disintegration of the 
boron nucleus by slow neutrons. The arrangement is not 
sensitive to beta- or gamma-rays. Observations have been 
made up to 70,000 feet, or about half a meter of water 
equivalent below the top of the atmosphere. The evidence 
indicates a rapid rise of neutron intensity with elevation. 
The rate of increase is greater than that of the total in- 
tensity of cosmic radiation, and roughly equal to that of 
the large bursts observed by Montgomery.’ At just less than 
one meter of water equivalent below the top of the atmos- 
phere, or at about the peak of the cosmic ray intensity-vs.- 
altitude curve, the number of neutrons recorded is of the 
same order of magnitude as the number of electrons. 


1S. A. Korff and W. E. Danforth, Phys. Rev. 55, 980 (1939). 
?C. G. and D. D. Montgomery, Phys. Rev. 47, 429 (1935). 
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19. The Energy Production in the Sun. KR. E. MARSHAK 
AND H. A. BetHe, Cornell University.—We have calculated 
the average energy production in the sun assuming that it 
is due to the capture of protons by protons and the carbon 
cycle! The proton-proton reaction now gives about the 
same contribution to the energy as does the carbon cycle; 
this results from the use of a larger value of the Fermi 
B-decay constant than previously? and from the correct 
evaluation of the matrix element. The, energy evolution 
turns out to be 5.0 ergs per gram-second on the “‘standard”’ 
model and 4.5 on the point-source (with convective core) 
model; this is to be compared with an observed value of 2 
ergs per gram-second. In view of the accuracy of the calcu- 
lations and the good agreement between the two models 
both as to the central temperatures and densities and the 
run of the temperature-density distribution, this large dis- 
crepancy cannot be overlooked. It is suggested that this 
disagreement is not serious but can be removed by assum- 
ing the presence of an appreciable amount of helium in the 
sun in addition to hydrogen and ‘‘Russell mixture.’’ A 
helium content of about 15 percent, by reducing the opac- 
ity and therefore the temperature, brings the theoretical 
energy production down to the observed. Such a value is 
consistent with observations on the sun's atmosphere and 
does not affect the statistical arguments about the carbon 
cycle as the primary source of energy for the main sequence 
stars. 


1H. A. Bethe, Phys. Rev. 55, 434 (1939). 
2 B. O. Grénblom, Abstract at April meeting, 1939. 
3G. Gamow, Astrophys. J. 89, 130 (1939). 


20. Magnetic Field Effect upon the Photoelectric 
Properties of Iron. N. Kermit OLson, University of 
Washington. (Introduced by Donald H. Loughridge.)—In a 
continuation of earlier work! photoelectric currents from 
electrolytic iron were studied as a function of magnetic 
field strength. The photoelectric cell was so arranged that 
a field up to 5000 gauss could be directed across a cylindri- 
cally shaped piece of iron whose surface had been electro- 
plated with a thin layer of pure iron. The incident light 
beam, from a quartz monochromator, was perpendicular to 
the iron surface and also to the magnetic field. Photoelectric 
currents were measured by an F P-54 tube and light intensi- 
ties by a Cartwright thermocouple. In all cases saturation 
currents were ensured by sufficiently high accelerating 
potentials. The usual Fowler curves were plotted for the 
analysis of the data. Within 100A from the long wave- 
length limit at 2615A an effect, in a direction such as to 
increase the work function of the metal, was found. This 
apparent shift in the long wave-length limit amounted to 
only a few Angstroms at 5000 gauss but was readily repro- 
ducible and increased nearly linearly with field strength. 
Unavoidable sources of error such as fluctuations of arc 
intensity, electrometer tube adjustments, and temperature 
changes, were minimized by taking alternate readings of 
the photoelectric current with the magnetic field on and off. 

1 Loughridge and Olson, Phys. Rev. 50, 389 (1936); 54, 239 (1938). 


21. The Magnetic Structure of Electrolytically Polished 
Silicon-Iron Crystals. W. C. ELmore, Swarthmore Col- 
lege.—The magnetic structure of unstrained crystals of 
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silicon-iron (ca. 3.5 percent Si) has been investigated by 
depositing colloidal magnetite upon electrolytically polished 
specimens. Each specimen, cut from annealed strip stock, 
contained several large crystals extending through the strip. 
The orientation of individual crystals was determined to 
+1° by etch reflections. In forming patterns, the polished 
specimens were placed on the large pole piece of an electro- 
magnet mounted (with axis vertical) on a microscope stage 
of novel design. Typical colloid patterns characteristic of 
the demagnetized state will be illustrated. They differ from 
previously reported ‘‘maze’’ patterns found on mechanically 
polished specimens. By comparing the patterns on many 
crystals with the known crystal orientations it is possible to 
propose a layer-like magnetic structure which will account 
for many features of the patterns. In general the patterns 
are much more complex when there is no direction of easy 
magnetization parallel or nearly parallel to the exposed 
surface. This complexity can be attributed to a fine-scaled 
magnetic structure which is superposed on the layer struc- 
ture and which appears to be localized near the surface. A 
similar situation occurs with cobalt crystals for cuts suffi- 
ciently inclined to the hexagonal axis. 


22. The Variation of the Adiabatic Elastic Moduli of 
Ammonium Chloride with Temperature between 200°K 
and 273°K. A. W. Lawson anp R. ScuHers, Columbia 
University—Dynamic measurements of the adiabatic 
Young’s modulus and the adiabatic rigidity modulus of 
pressed ammonium chloride as a function of temperature 
in the region of its low temperature transition reveal no 
discontinuities in the elastic moduli. With rising tempera- 
ture, a minimum in Young's modulus and a sharp decrease 
in the rigidity modulus occur at 242.8°K. The internal 
friction rises to a sharp maximum at the same temperature. 
Hysteresis occurs in all measurements over a range of 10°K 
about the transition temperature. These data, together 
with the observed temperature dependence of the coefficient 
of thermal expansion and specific heat at constant pressure, 
indicate that the maximum value of the latter quantity at 
the transition temperature is considerably larger than any 
previously reported. Furthermore, the difference between 
cp and ¢, is probably greater than hitherto suspected. These 
conclusions are confirmed by a preliminary measurement of 
the variation of the isothermal Young's modulus with 
temperature. The similarity in the behavior of ammonium 
chloride, quartz and 8-brass suggests that this abnormal 
difference in specific heats is typical of order-disorder transi- 
tions. Better agreement is then to be expected between the 
empirical data and the formulae of existing statistical 
theories. 


23. Elastic Constants of Single Crystals of the Alloy 
Cu;Au. SipNey SIEGEL,* Westinghouse Research Labora- 
tortes.—Single crystal rods several inches long, g-inch 
diameter were grown from the melt in a vacuum furnace. 
The use of a high speed oil diffusion pump made it possible 
to maintain a residual gas pressure of 10-* mm when the 
molten alloy was at 1000°C. The crystals were prepared 
from copper and gold which were both 99.99 percent pure, 
the composition of the alloy being 24.9 atomic percent Au, 


75.1 percent Cu, as determined by chemical analysis. The 
crystals were maintained at 850°C for about 4 hours and 
then cooled to room temperature during the next 24 hours. 
The orientation of the cylinder axis of a single crystal rod 
was determined with x-rays, by using the back-reflection 
Laue method described by Greninger. The elastic con- 
stants were measured by means of the composite piezo- 
electric oscillator method. Values of Young's and the 
rigidity modulus were determined for 11 crystals of differ- 
ent orientations. The lattice of CusAu is cubic, with three 
principal elastic constants; the room temperature values 
of these are: 

Si = 1.490 X 10-” cm?/dyne, 

Si. = —0.601 XK 10-” cm?/dyne, 

Sq = 1.610 X 10" cm?/dyne. 
Measurements of these quantities as a function of tempera- 
ture, and hence as a function of degree of order, are now 
being made over the temperature interval 20°C to 450°C. 


* Westinghouse Research Fellow. 


24. The Internal Friction of Zinc Crystals. T. A. Reap, 
Columbia University.—The internal friction of zinc crystals 
has been measured as a function of the crystal orientation 
and the amplitude of oscillation, at frequencies of 39 and 78 
kilocycles, for longitudinal oscillations. The method of 
measurement is a refinement of that of Cooke and Brown,! 
employing a composite piezoelectric oscillator and an alter- 
nating current bridge. The crystals are grown by a modifi- 
cation of the Bridgman method from zinc of high purity 
(99.999 percent) obtained through the generosity of the 
New Jersey Zinc Company. The experimental results show 
that the internal friction of a strain-free crystal is very low 
(logarithmic decrement less than 1.5 10~*) for some suffi- 
ciently small amplitude of oscillation which depends on the 
orientation of the crystal. As the amplitude of oscillation is 
increased, the internal friction rises. Strained crystals have 
a higher internal friction than strain-free crystals. 

1 Cooke and Brown, Phys. Rev. 50, 1158 (1936). 


25. Low Temperature Transition Phenomena in Some 
Paramagnetic Salts. C. F. Squire, University of Pennsyl- 
vania.—The temperature dependence (300°K to 40°K) of 
the magnetic susceptibility of the following Mn** salts has 
been measured: MnO, MnS, MnSe, and MnTe. A ‘d”" 
point transition at low temperatures makes the susceptibil- 
ity break away from a ‘“‘spin only’ law and decrease with 
lowering temperature. Each salt has its characteristic 
transition temperature, increasing with increasing molecu- 
lar weight. Two separate methods were used to measure the 
susceptibility; an analytical balance for the force on the 
sample due to an inhomogeneous field, and an induction coil 
with a ballistic galvanometer. The lowest temperatures 
were obtained by the adiabatic desorption of hydrogen 
from charcoal. Evidence for the dependence of the suscep- 
tibility on the measuring field and for an hysteresis has been 
found on the low temperature side of the transition. 


26. X-Ray Measurements of Compressibility. Ropert 
Byron Jacoss,* Harvard University —The compressibili- 
ties of copper and aluminum have been measured with 
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x-rays by using the Debye-Scherrer method. The x-ray 
camera operates with the sample under hydrostatic pres- 
sures as high as 5000 kg/cm* which has been described 
elsewhere.! For copper, the value obtained for the aver- 
age compressibility (AV/V)X(1/P) between 1 and 4500 
kg/cm? is 6.87X10~?. This compares with Bridgman’s 
value’ of 7.13107". Since the probable error in the former 
is almost 4 percent, the difference may not be altogether 
significant. However, for aluminum an x-ray value of 
12.92X10-* is obtained with a probable error of 0.5 as 
compared with Bridgman’s value of 13.38X10-7. It is 
possible that a real significance is attached to the lower 
compressibilities found by the x-ray method, since x-rays 
measure /attice compressions, rather than over-all compres- 
sions. The two are not necessarily the same in the mosaic 
theory of the solid state. The solid as a whole could possibly 
strain at a slightly different rate from the mosaic blocks 
themselves, due to the existence of ‘‘slack’’ during the 
initial stages of compression. This would, of course, result 
in an abnormally high initial macroscopic compressibility, 
and a very high pressure coefficient of compressibility. The 
first prediction seems to be borne out by the present results 
if the deviations are actually significant. Additional weight 
is given to the argument by the now well-known! fact that 
for a number of ‘“‘hard’’ metals, the following theoretical 
equation y = B/A?—1/6 is not satisfied. For each of these 
metals, abnormally high measured value of the pressure 
coefficient of compressibility is indicated. It is possible, 
again, that these experimental values hold only for the 
macroscopic solid, and are another manifestation of ‘‘slack”’ 
in the solid state. 


* Now Lalor Fellow in Physical Chemistry at Massachusetts Insti- 
tute of Technology. 

'R. B. Jacobs, Phys. Rev. 54, 325 (1938). 

2? P. W. Bridgman, The Physics of High Pressure, p. 160. 

3 Mott and Jones (Oxford Press 1936), p. 22. 


27. Order in the Copper-Gold Alloy System. L. H. 
(GERMER AND F. E. HAwortu, Bell Telephone Laboratories. 
—Films of copper-gold alloy, containing 75 atomic percent 
copper, have been examined by electron diffraction by the 
transmission method. These alloy films are prepared by 
vaporizing the alloy in vacuum upon a layer of Lucite on a 
microscope slide. This plastic is then stripped from the 
slide and dissolved in ethylene dichloride. The floating 
alloy film is caught from the liquid across a narrow slit. 
Electrons passed through the film give a diffraction pattern 
characteristic of randomly oriented crystals having a con- 
tinuous range of compositions from gold to copper. When 
a film is heated in vacuum to 450°C and quenched, and then 
heated for a few hours at 196°C, the pattern from it exhibits 
the rings of the homogenized alloy, including rings corre- 
sponding to planes having mixed indices proving that the 
alloy is ordered. The intensities of these indicate that the 
ordering is complete. It is clear that long range order is 
produced at 196°C, although Sykes and Jones! have found 
that order detectable by x-rays is not produced by heating 
at 320°C. When a film in the original unmixed condition is 
heated, mixing begins at about 140°C, and ordering of an 
anomalous character occurs at 200°C. 


1 Sykes and Jones, Proc. Roy. Soc. 157, 213 (1936). 
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28. Photoconductivity of Crystalline Willemite at Low 
Temperatures. R. HoFSTADTER AND R. C. HERMAN, 
Princeton University—The photoconductivity of a natural 
single crystal of willemite has been studied for some of the 
mercury lines between 2300 and 4100A in vacuum at 
about —150°C. The color of this crystal suggests that a 
small manganese impurity is present. Electrical contact 
was made by pressing gold electrodes against two parallel 
polished faces of the crystal which had been sputtered with 
gold. Monochromatic light from a grating entered the 
crystal making an angle of about 40° with the normal. Inci- 
dent energies were measured simultaneously with the 
photoconductivity by means of a calibrated sodium photo- 
electric cell kindly lent to us by the General Electric Com- 
pany. At —150°C there is a peak of photoconductivity near 
2965A. There is also some evidence of other structure. The 
same shape of curve was obtained whether the crystal was 
polarized or unpolarized. We observed qualitative agree- 
ment with these results when Aquadag electrodes were 
employed. The above information was obtained with an ap- 
plied field of approximately 900 volts/cm. A voltage-cur- 
rent characteristic for the crystal in the unpolarized condi- 
tion proved to be strictly linear up to the above field. We 
are grateful to the Department of Geology, Princeton 
University, for allowing us to use this willemite crystal and 
for their kind cooperation. 


29. The Relationship Between Surface States and 
Energy Bands in Crystals. WiLtIAM SHOCKLEY, Bell 
Telephone Laboratories—In the paper of Tamm! in which 
the existence of surface wave functions at the boundary of 
a crystal is demonstrated and in Fowler's? later discussion, 
there is no analysis of the development of the surface states 
from the atomic states during the conventional conceptual 
process of forming the crystal by varying the lattice con- 
stant from infinity to a finite value. This problem is in- 
vestigated for the case of a finite linear lattice of potential 
wells which are symmetrical about their centers but are 
otherwise arbitrary in shape. At large lattice constants the 
atomic energy levels split into bands of allowed levels none 
of which are surface levels. The surface levels occur only 
after the bands have crossed and are represented by the two 
isolated levels lying in the gaps. The new results from this 
investigation are first that crossing of the bands is essential 
for levels of the Tamm type and second that after the 
crossover the bands on either side of the energy gap have 
each lost one level so that the number of levels in each is 
less than the number of atoms. 


1 Ig. Tamm, Physik. Zeits. der Sowjetunion 1, 733 (1932). 
2? R. H. Fowler, Proc. Roy. Soc. 141, 56 (1933). 


30. The Specific Heat of Nickel-Chromium Alloys. 
Horace GROVER AND JOHN HuTZENLAUvB, Rensselaer Poly- 
technic Institute—As part of a program on the physical 
properties of metals and alloys, an apparatus of the type 
described by Sykes! has been constructed. Measurements 
of the specific heat of electrolytic copper from 50°C to 
600°C indicate a precision of about 2 percent. Some experi- 
mental difficulties encountered and some of the limitations 
of the present set-up will be discussed. The specific heat of 
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an alloy of about 20 percent Cr and 80 percent Ni has been 
measured over the available temperature range. A marked 
increase in the specific heat occurs at about 500°C. This 
may be correlated with the well-known anomaly in the 
electrical resistance. A more complete investigation of this 
anomaly is being undertaken. 


1 Sykes, Proc. Roy. Soc. A143, 422 (1935). 


31. Zone Theory and the Properties of Sulfide Phos- 
phors. R. P. Jounson, General Electric Company.—lt can 
be shown by qualitative experiments that the instantaneous 
rate of decay of brightness of a sulfide phosphor after 
excitation is not a function solely of the quantity of residual 
light in the sample, and hence that neither a monomolecular 
nor a bimolecular mechanism will satisfactorily describe the 
decay. A plausible arrangement of concepts afforded by 
the simple zone theory of the solid insulator yields a 
model which accounts qualitatively for (1) decay character- 
istics at room temperature, (2) high efficiency of excitation, 
(3) effects of temperature on decay rates and efficiency, (4) 
photoconductivity, and (5) accelerated decay in the pres- 
ence of infra-red radiation. It is imagined that after excita- 
tion, which is essentially an ionization of the activator 
atom, the dissociated electron is highly likely to be trapped 
and held localized in a discrete energy level in the forbidden 
region, recombining with an ion and emitting the character- 
istic luminescence only after it has been freed from this 
trapped state by thermal excitation or other means. This 
same picture, with suitable modifications, also accounts 
qualitatively for the luminescent behavior of silicate 
phosphors, which decay at first exponentially with a tem- 
perature-invariant rate. 


32. Performance of a System of Modified Hertz Pumps. 
K. T. BAINBRIDGE AND H. G. Voct, Harvard University.— 
The pumps differ from the original Hertz design as follows: 
(1) A sharp edged cylinder is used to core out the mercury 
vapor jet; (2) the pump volume has been reduced to im- 
prove the yield to the end volumes; (3) the axis of the 
mercury jet makes an angle of 8 degrees with the horizontal 
to prevent interruption of the jet action by condensed 
mercury drops; (4) a circulation pump has been added to 
the heavy end. The assembly of the pumps is compact and 
the simple means of support has permitted remarkable 
freedom from leaks and breakage for four years. As a result 
of these modifications, the speed of separation has been 
increased. The enrichment of the carbon isotopes is in- 
creased and that of neon is decreased slightly compared to 
that of standard Hertz pumps. By means of a magnetic 
spectrometer, analyses were made of the separation of the 
neon isotopes as a function of time for a considerable range 
of neon pressures and jet velocities. With twelve pumps, a 
single exponential function accurately describes the time 
dependence of the separation, the periods required to attain 
one-half the equilibrium separation varying from 19 to 60 
minutes. The rapidity of the separation increases the value 
of the pumps for certain physical experiments. 





33. The Design and Operation of a High Voltage Unit 
for Nuclear Investigations. I. A. Gertinc,* H. G. Vocr, 
AND J. B. Fisx,t Harvard University—The Van de Graaff 
generator described! previously has been utilized with a 
high voltage tube similar to that used by Hill et al.* for 
producing ion beams of large intensity. The tube itself is 
hung vertically from the ceiling and the beam accelerated 
upward. As there is no physical contact between the tube 
and the high voltage body, other than a few light wires, no 
mechanical vibration is transmitted to the tube. The 
source of ions is a low voltage capillary arc of a new design. 
The capillary itself is made of Kovar lined with glass only a 
few thousandths of an inch thick. A source of this type has 
delivered a total positive ion current of 250 wa of which 
about 60 percent were protons. With another such source, 
a beam of 130 ya of unresolved heavy hydrogen ions has 
been used to bombard lithium at 500 kv. The production of 
neutrons was equivalent to at least 20 grams of radon- 
beryllium as measured by the activity induced in rhodium. 

* Society of Fellows. 

+ At present at the University of North Carolina. 

1J. B. Fisk and I. A. Getting, Phys. Rev. 53, 916A (1938). 


2A. G. Hill, W. W. Buechner, J. S. Clark, and J. B. Fisk, Phys. Rev. 
55, 463 (1939). 


34. The Radiofrequency Spectrum of the HD Molecule 
in Magnetic Fields. J. M. B. Kettoae, I. I. Rast, N. F. 
RAMSEY, JR. AND J. R. ZAcHARIAS, Columbia University 
and Hunter College-——The HD molecule in the first rota- 
tional state has been investigated by the molecular beam 
magnetic resonance method. Nine lines arising from 
reorientations of the proton spin, twelve from reorienta- 
tions of the deuteron spin, and another twelve from 
reorientations of the rotational angular momentum have 
been observed and identified. From these data one obtains 
the product of the magnetic moments of the proton and the 
deuteron, the electrical quadrupole interaction of the 
deuteron with the molecule, the rotational magnetic mo- 
ment of the molecule, and the rotational magnetic fields 
at the positions of the nuclei. The results are in excellent 
agreement with the values of the various moments which 
were obtained from H, and Dz molecules and are, there- 
fore, an important confirmation of the existence of the 
deuteron quadrupole moment. The rotational fields at the 
proton and deuteron in HD are very nearly equal and are 
approximately 20.5 gauss, which is about } of the rotational 
magnetic field in Hz. The value of the rotational magnetic 
moment of the molecule is found to be 0.661 +0.005 nuclear 
magneton. This is very nearly } of 0.880, the value for He, 
so these moments are inversely proportional to the reduced 
masses. 


35. Nuclear Magnetic Moments of ,B" and ,B". P. 
Kuscu AND S. MILLMAN, Columbia University.—The nu- 
clear gyromagnetic ratios of the boron isotopes have been 
measured by the molecular beam magnetic resonance 
method, by using the molecules Li,B,O7, Na:B,O7, K2B«O7, 
NaBO, and KBO:. Two resonance minima were observed 
common to all of these compounds and must be attributed 
to the B'® and B" nuclei. The g values deduced from these 
minima are 0.597+0.003 and 1.788+0.005, when referred 
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to the g of Li? (2.167 in units of e/2Mc) as standard. A 
comparison of the observed depths of the resonance 
minima with the relative abundance of the two isotopes 
shows that the smaller g is to be assigned to B'*. Assuming 
plausible values for the nuclear spins, 1 for B'® and 3/2 for 
B", our results yield the magnetic moments of 0.597 and 
2.694 nuclear magnetons for B'° and B", respectively. The 
signs of the nuclear moments are found to be positive. 


36. Nuclear Magnetic Moment of :;Al”. S. MILLMAN 
AND P. Kuscu, Columbia University—The molecular beam 
magnetic resonance method has been applied to the study 
of the gyvromagnetic properties of the Al” nucleus. The 
molecules NaCl- AlCl; and KCI- AICI; yield, in addition to 
the known chlorine resonance curves, a common resonance 
minimum which we attribute to the AF’ nucleus. The 
nuclear g deduced from this minimum is 1.451+0.004, 
when referred to the g of Li’ as standard. From intensity 
measurements of hyperfine components of Al I lines 
Jackson and Kuhn! deduce a spin of 9/2 for the Al” 
nucleus. Heyden and Ritschl? obtain a spin of 5/2 by 
applying the interval rule to the h.f.s. of Al II lines. It will 
be shown that a comparison of our g value with that 
calculated by means of the Goudsmit, Fermi-Segre formula 
from the observed splitting of the atomic energy levels 
fixes the nuclear spin of Al?’ as 5/2. The magnetic moment 
is positive and has a value of 3.628+0.010 nuclear 
magnetons. 


1D. A. Jackson and H. Kuhn, Proc. Roy. Soc. A164, 48 (1938). 
2M. Heyden and R. Ritschl, Zeits. f. Physik 108, 739 (1938). 


37. On the Saturation of Forces Derived from the 
Meson Theory. E. WIGNER AND L. EIsENBUD, Princeton 
University—On the basis of the meson theory nuclear 
interactions of the form 


Jy(r) {3(8 +81) (4-82) /r? — (Si-S2) } +J2(r)(Si1-S2)+Ja(r) (1) 


with and without an additional charge exchange operator 
have been proposed. Forces of the general character of (1) 
are necessary for an understanding of the magnitude of the 
observed nuclear quadrupole moments. It can be shown 
that (1) does not have the property of saturation if, for 
two particles with spins parallel to a given direction, the 
potential (1) is negative for all r within a finite cone. One 
can prove this by considering a nucleus containing particles 
with spins parallel to the direction specified above and of 
the shape of an ellipsoid, the major axis of which is the 
altitude of the cone. By a proper choice of the minor axis 
of the ellipsoid the combined effect of the kinetic energy 
and the positive part of the potential energy can be made 
to be proportional to n/7, where n is the number of parti- 
cles, while the negative part of the potential energy is still 
proportional to n?. If the saturation requirement is to be 
maintained a potential of the type (1) satisfying the condi- 
tions required above cannot completely describe the inter- 
action between nuclear particles. It is conceivable, how- 
ever, that the interaction under the extreme conditions of 
our ellipsoidal model is strongly different from (1) but is 
sufficiently well approximated by (1) under conditions 
prevailing in real nuclei. 
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38. The Masses and Magnetic Moments of the Proton, 
Neutron and Deuteron. Enos E. Witmer, University of 
Pennsylvania.—Within experimental error the magnetic 
moments of the proton, neutron, and deuteron are given by 
the formula [(i?+ *)/(12+2?+3?)]3 nuclear magnetons, 
where 1=2, j7=3 for the proton, i=0, 7=3 for the neutron, 
and 7=0, j=2 for the deuteron. A generalization of this ap- 
plies to at least some other nuclei. This seems especially in- 
teresting in connection with the following regularity in the 
masses of these particles and the electron. The writer! 
pointed out that if M is the proton mass and m the electron 
mass, then M/m=(7/2)§=1838.266. This may now be 
interpreted as M=[(12+22+3?)/22}*m. Then the masses 
of the neutron and deuteron are well represented by 


Mn=[(7/2)*+7/2—1]m, 
Mp=[2(7/2)*—}-7/2 Im. 


It seems possible from the data that an extension of this 
scheme may give a good representation of the masses of 
other light nuclei. I venture to suggest! that the three- 
dimensional character of space may be finding expression 
in these formulas and regularities. 


1E. E. Witmer, Phys. Rev. 42, 316 (1932). 


39. Generalization of Weinstein’s Theorem. GABRIEL 
Horvay, Columbia University.—Let! (E,—H))/(Hi— Eo) 
=p=0. Then Ep>=Hi—(D:2/p)*. Weinstein’s formula cor- 
responds to p=1. The eigenvalue problem formulated as a 
Stieltjes momentum problem leads to an infinite system of 
inequalities. One particular class of this system consists of 
relations which are equivalent to results obtained by the 
Ritz variational method. The generalized Weinstein ex- 
pression is the first member of a second class. A more com- 
plete discussion will be given elsewhere by K. Friedrichs 
and the writer. 


1 For notation see Phys. Rev. 55, 70 (1939). 


40. The Vapor Pressures, Heats of Vaporization and 
Melting Points of N“ and N® Ammonia. Harry G. 
THopvE, Columbia University—The vapor pressure differ- 
ence between 70.6 percent NH; and ordinary ammonia 
has been measured for the liquids and solids over a range of 
temperatures by means of a differential oil manometer. 
The vapor pressure data for the liquids can be represented 
by the equation: log (P;/P2)=0.943/T—0.00317, where 
P, is the vapor pressure of ordinary ammonia and P, that 
of the 70.6 percent material. The vapor pressure of ordi- 
nary ammonia is 0.371 percent and 0.174 percent higher 
than the heavy ammonia sample at 195° absolute (triple 
point of ammonia) and 239.6° absolute, respectively. The 
formula indicates that at 307.1° absolute the two samples 
would have the same vapor pressure. The heavier sample 
of ammonia has a heat of vaporization 4.31 calories per 
mol higher than that of ordinary ammonia. The triple 
points of the two samples differ by 0.077°, that of the 70.6 
percent material being higher. Making simple assumptions 
the difference in the heat of vaporization and difference in 
triple points are found to be 6.14 calories and 0.109° 
calories, respectively. 
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41. Theory of the Double Fizeau Toothed Wheel. 
HERBERT E. Ives, Bell Telephone Laboratories—R. W. 
Wood* has discussed a modification of Fizeau's method for 
determining the velocity of light, in which two toothed 
wheels are mounted at the ends of a long axle, the light 
traveling in one direction only. He concludes that, if the 
measured velocity of light remains constant when the 
apparatus is moving in the direction of the light ray, the 
axle not only alters in length, from the Fitzgerald contrac- 
tion, but must twist. The present note points out that this 
“twist’’ is not a phenomenon which must be invoked solely 
to meet the requirements of special relativity, nor is it an 
effect peculiar to rotational motion superposed on the 
Fitzgerald contraction: It is actually a warping produced 
by the Fitzgerald contraction when any uniformly moving 
body is constrained to an orientation inclined to the direc- 
tion of motion. Several special cases of moving rotating 
disks are studied, including the configuration of a single 
flat rotating disk, giving as answer to the Ehrenfest 
paradox, that the disk becomes ‘‘dished.”’ 

*R. W. Wood, Physical Optics, second edition, p. 690. 


42. Preliminary Investigation of Cathode Rays. J. G. 
Trump, R. J. VAN DE GRAAFF AND R. W. CLoup, Massa- 
chusetts Institute of Technology.—The absorption of cathode 
rays in the range up to 1500 kilovolts has been studied. A 
parallel beam of rays homogeneous in energy was obtained 
from a pressure insulated electrostatic generator and 
vacuum tube recently developed! for physical research and 
cancer therapy. Observations have been made of the 
penetration of the rays and of the ionization as a function 
of penetration in lead, copper, aluminum and water. 
Curves are given showing that with an initially homo- 
geneous cathode ray beam the ionization as measured by a 
thin chamber reaches a maximum at a depth well below the 
surface of the absorbing material. The effect of scattering 
on the distribution of the ionization is discussed, particu- 
larly with reference to the possible application of cathode 
rays to therapy. 

1J. G. Trump and R. J. Van de Graaff, Phys. Rev. 55, 676 (1939). 


43. Some Interesting Biochemical and Physical Effects 
at High Pressure. R. B. Dow, The Pennsylvania State 
College-—Many physical and chemical methods have been 
applied to the study of proteins in aqueous solutions but, 
in this respect, practically no use has been made of ex- 
tremely high hydrostatic pressures. Collaborative studies 
in the writer’s laboratory have shown that high pressure is 
an effective means of studying some aspects of protein 
behavior, as well as other biological systems. In particular, 
denaturation at high pressure has been studied for the 
following proteins in aqueous solution : hemoglobin, pepsin, 
rennin, and insulin. The energy relations for pressure 
denaturation are discussed and compared with heat de- 
naturation. The possible relation of these experiments to 
current theories of protein structure are indicated briefly. 
Certain other effects have been observed in bovine blood! 
and in milk. Pressure disintegrates the erythrocytes in 
blood and coagulates it into a solid; it sterilizes milk by 
killing the lacto bacillus. In studying the latter it was 


observed that the effective pressure range extended from 
3000 to 7000 atmospheres at room temperature, the 
degree of mortality depending on the magnitude of the 
pressure. The decrease of bacteria count was correlated 
with the change of hydrogen ion concentration that took 
place after the treated milk sample was allowed to stand 
for several hours. Time of exposure, intensity of pressure, 
and temperature are characteristics of pressure treatment 
that have been investigated in these studies. 
1R. B. Dow and J. E. Matthews, Jr., Phil. Mag. 27, 637 (1939). 


44. Arcing Phenomena in Mercury Switches. C. G. 
Suits, General Electric Company.—The influence of the gas 
and its pressure on the character of the arcing in mercury 
switches is investigated. In general, arcing occurs upon 
closing or opening inductive or non-inductive circuits on 
direct or alternating current. In the range of successful 
operation the duration of arcing is less than 0.02 second, 
being much longer upon closing the circuit than at inter- 
ruption. In the current range employed excessive arcing 
at the closing position is not inherent, but is characteristic 
of the geometry of the switch chamber. For both the closing 
and opening positions, with direct current, the arc duration 
becomes less through the series of gases argon, nitrogen, 
helium, and hydrogen, at the same pressure. For hydrogen, 
the arc duration is least at the highest pressure. The inter- 
rupting limit for alternating current increases through the 
series argon, nitrogen, helium, hydrogen, and high pressure 
hydrogen. The arc duration and the interrupting limit of 
this switch chamber with various gases and pressures cor- 
relate with steady state data for arcs in the same media. 
We conclude, therefore, that the heat transfer properties of 
the gaseous medium determine the electrical properties of 
the transient arc phenomena in this interrupting device. 
This is analogous to the previously reported correlation 
between the electrical characteristics of steady state arcs 
and the thermal properties of the medium. 


45. Velocity of Mercury Ions in Mercury Vapor. Kk. H. 
KINGDON AND E. J. Lawton, General Electric Company.— 
Measurements have been made with a cathode-ray oscillo- 
graph of the time of transit of mercury ions between two 
plates 5 cm apart in mercury vapor at various pressures and 
at a temperature of 120°C. For a range of values of E/p 
(volts per cm/mm) from 6000 to 20, the velocity of the ions 
is proportional to (E/p)*. The velocity is 10° cm per sec. at 

/p=1000. The measurements are being extended to 
smaller values of E/p in order to determine the pressure 
above which the high pressure diffusion theory of the 
mercury plasma should be applicable. 


46. A Quartz Membrane Manometer of Small Volume 
and its Use in the Study of Pressure and Temperature 
in High Intensity Mercury Lamps. Cart Kenty, General 
Electric Vapor Lamp Company.—A flat quartz diaphragm 
(0.06 to 0.6 mm) is sealed at the edges to and in contact with 
a flat quartz disk with hole and capillary tube attached. 
The diaphragm has its motion amplified by a ‘rocker’ 
having 3 legs nearly in line, the middle one resting on the 
diaphragm. A long pointer read with a microscope indicates 
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an excess of pressure on the inside. Magnifications up to 
10,000 are obtained. At 1 atmosphere the accuracy is } mm. 
Gauges sealing directly to lamps have been developed for 
ranges from 1 mm to 25 atmospheres, operating at tempera- 
tures up to 800°C and having volumes as low as 5 mm*. 
At constant wall temperature and on d.c., P increased in 
the HI lamp from 52 cm at 40 w (2.17 w/cm) to 107 cm at 
745 w (42.3 w/cm) (P =90 cm at 400 w). The core diameter 
increased 4-fold. Temperature distribution curves similar 
to those of Elenbaas! fitted to these pressures have wall 
slopes indicating that conduction heat losses (A) increase 
5-fold. Incorporation of this variation in A extends the 
range of Elenbaas’ gradient formula.? Use of the axial tem- 
peratures, arc currents, gradients and cross sections, and 
the Saha and Langevin formulas indicates considerable 
departure from thermal equilibrium at 5 w/cm which 
increases rapidly below this point. 


1W. Elenbaas, Physica 1, 211, 673 (1934). 
2 W. Elenbaas, Physica 2, 757 (1935); 7, 568 (1938). 


47. Temperature Dependence of the Work Function 
of Tungsten. James G. Potrer, Armour Institute of Tech- 
nology.—The Kelvin method is employed to obtain rapid 
measurements, in vacuum, of the contact potential between 
a tungsten filament at room temperature and a second 
filament heated to various temperatures. The capacity is 
varied between the two filaments, which are suspended 
parallel, by vibrating one of the filaments, under tension, 
by means of an alternating current passed through it in the 
presence of an applied magnetic field. The other filament is 
connected to an audio-frequency amplifier, which may be 
silenced by impressing on the electrical mid-point of the 
vibrated filament a potential equal to the contact potential 
difference between the two filaments. The immediate 
changes in contact potential, when the vibrated filament is 
heated over the temperature range from 300 to 1000°K, 
indicate a linear increase with temperature in the work 
function of tungsten of 6.2 x 10-5 volt per degree centigrade. 
In a vacuum with a measured pressure always less than 
1.5 10-* mm of Hg, after many hours of outgassing of the 
tungsten at temperatures up to 2900°K, variations in 
contamination, which occur comparatively slowly following 
moderate changes in temperature, are observed to produce 
changes in work function which could be interpreted erro- 
neously to indicate temperature coefficients of magnitudes 
several times that stated above, and of either sign, depend- 
ing upon the exact stage of the contamination. 


48. A New Method for Photoelasticity in Three Dimen- 
sions. R. WELLER, Ohio State University.—It is possible to 
use the polarization caused by the scattering of light within 
a cloudy model in place of the usual analyzer in photo- 
elastic investigations. This enables one to make analyses of 
three-dimensional stress systems very conveniently. One 
makes a model from a suitable transparent plastic which 
contains enough scattering particles to analyze satisfacto- 
rily a beam of polarized light. The model is then loaded and 
placed in a beam of plane-polarized light which has been 
collimated and passed through a slit. This beam illuminates 
a plane section through the model. Interference fringes ap- 
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pear in this section when it is viewed normal to the direc- 
tion of the beam and also to the plane of polarization of 
the beam. One may place the model in any desired position 
with respect to the beam and thus observe all possible 
sections. One may also immerse the model in a liquid of the 
same index, if desired, to eliminate unwanted refraction. 


49. A New Method for Measuring Young’s Modulus. 
ALLEN KING, Rensselaer Polytechnic Institute-——The speci- 
men in the form of a circular wire loop is fastened at one 
point to a rigid support. At the diametrically opposite 
point a magnetic field is applied. The frequency of an a.c. 
in the loop is adjusted until flexural vibrations occur in the 
plane of the loop. Then the resonance frequency f, the 
radius of the loop r, the linear density m, and the radius of 
the wire a are related to Young's modulus by the equation, 
E=18.399mf?(r/a)*. The method has been developed here 
as part of a program of metals research, particularly for 
the study of alloys. Preliminary data obtained by this 
method will be presented. 


50. A Wide Range High Voltage Electrostatic Voltmeter. 
Francis H. NapiG AnD J. Ltoyp Boun, Temple University. 
—This instrument is the result of an effort to obtain high 
voltage measurements accurately and conveniently. The 
experimenta! instrument gives readings ranging from five 
kilovolts to fifty kilovolts. However, with slight modifica- 
tions the instrument can be made to measure any desired 
range between several hundred volts to several hundred 
kilovolts. The scale has an equivalent length of six feet and 
readings can be made with an error of less than one per cent. 
The instrument reads both d.c. and effective a.c. voltages, 
and may be used on either a grounded or a floating system. 
The instrument is complete in itself and requires no auxil- 
ary apparatus such as batteries, lamps or telescopes. It 
weighs approximately three pounds; is rugged, portable and 
ready for immediate use. The instrument should be of 
especial value in x-ray therapy where effective voltages 
could be used instead of effective wave-lengths. 


51. Cathode Sputtering. CHauNcEY STarR, Massachu- 
setts Institute of Technology.—An empirical relationship has 
been found between the rate of sputtering of various metals 
and the total heat required to evaporate the metal. This 
total heat includes the heat capacity from room tempera- 
ture to the melting point, the heat of fusion, the heat 
capacity from the melting point to the boiling point, and 
the heat of evaporation. For fixed glow discharge conditions, 
the sputtering data, with few exceptions, follow the law 
m=c/q? where m is the mass of sputtered material per 
ampere hour, ¢ is a constant dependent on the discharge 
conditions, and g is the total heat for evaporation. This 
relationship is not in accord with that to be expected from 
either one of the present theories. The theory of local high 
temperatures with subsequent thermal evaporation pre- 
dicts an exponential relationship. The theory of direct 
momentum transfer of the impinging ions with the metal 
atoms would predict a linear relationship. A new theory is 
suggested that involves a double evaporation process. Ion 
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bombardment causes emission of the metal atoms by direct 
energy transfer, at a rate inversely proportional to the total 
heat for evaporation. This metal vapor condenses into a 
fine aggregate (metal powder) after leaving the cathode 
surface. Subsequent exposure to the heat of recombination 
of the ions and electrons near the cathode surface would 
again cause evaporation, the metal vapor thus produced 
depositing on nearby surfaces. Such a process would follow 
the inverse square law found empirically. There is also 
ample evidence for the existence of the intermediate metal 
powder state. 


52. Convection and Conduction of Heat in Gases.* I. 
Bropy AND F. pE KOrosy, Ujpest. (Introduced by E. 
Wigner.)—The diameter of the ‘‘stationary Langmuir film,” 
b, around warm filaments in gases was at first determined 
by Langmuir’s own method in A, Kr and N;: it was calcu- 
lated from the wattage dissipated by the gases and from 
the heat conductivity of the latter. The calculated film 
thickness beside a plane surface is 3.3 mm, 1.4 mm and 
4.3 mm, respectively. The said diameter was then redefined 
as the distance of thermal interaction between two similar, 
warm filaments ; temperature measurements revealed that 
this conventional definition corresponds to the 90°C iso- 
thermals, whereas Langmuir assigned this conventional 
limit to the 130° isothermals. } is a linear function of the 
temperature: b;=D,oo0L1 + (t— 1000) -0.000255] and dros 
decreases with increasing molecular weight of the gases. b 
decreases with increasing gas pressure: b/b, =(p:/p)°-® 
and it increases somewhat slower with the diameter of the 
filament, a, than would correspond to the equation of 
Langmuir: 2B=b6-In b/a. The detailed temperature field 
around warm filaments was determined under varied condi- 
tions. Evidence was gathered that, although 90 percent of 
the wattage lost can be accounted for by assuming pure 
conduction, the gas is definitely moving upwards within the 
film as well as outside of it. 


*A detailed paper under this title will appear in the August issue 
of the Journal of Applied Physics. 


53. The Dispersion of Supersonic Waves in Cylindrical 
Rods of Polycrystalline Silver, Nickel and Magnesium. 
SipNEY K. SHEAR AND ALFRED B. FockeE, Brown University. 
—The velocities of elastic waves in polycrystalline réds of 
silver, nickel, and magnesium were measured at supersonic 
frequencies ranging from 120 to 750 kilocycles. This was 


done by mounting the rods in a horizontal position so that 
one end was supported by a loop of silk thread and the 
other end passed through a diaphragm into a special box 
which was filled with transformer oil and which contained 
the quartz crystal source of supersound. Lycopodium 
powder scattered along the rod formed wave patterns when 
the rod was vibrating resonantly and hence wave-lengths 
could be measured directly. The products of these wave- 
lengths and the corresponding frequencies as read on the 
wavemeter yield the required velocities. The dispersion 
theory of Giebe and Blechschmidt was tested by calculating 
theoretical curves for four of the six rods and comparing 
these with the corresponding experimental curves. Very 
good agreement with the theory was found in each case out 
to a frequency just below the so-called ‘‘dead zone’’—a 
frequency region in which supposedly no longitudinal vibra- 
tions can exist. Here the theoretical and experimental 
curves separate; experimental points were always found in 
the ‘‘dead zone.’’ No evidence was found of the anomalous 
dispersion predicted by the theory. 


54. Absorption of Supersonic Waves in Water and in 
Aqueous Suspensions. G. K. HARTMANN AND ALFRED B. 
Focke, Brown University.—The absorption of supersonic 
waves in both water and in an aqueous suspension of lyco- 
podium spores was measured at seven different frequencies 
ranging from 990 kilocycles to 2500 kilocycles in approxi- 
mately equal steps. A piezo-electric quartz plate was used 
in each case as a sound source and was driven by an elec- 
tron-coupled oscillator and two-stage amplifier capable of 
yielding 100 watts. The radiation pressure of the sound 
waves against a cone suspended in the field was measured 
directly with a chainomatic balance. The differences in the 
absorption coefficients found for lycopodium suspension and 
for water were compared with the classical theoretical 
expectation as derived by Sewell. These differences ap- 
proach more nearly the theoretical value as the frequency 
increases. This may be due to the relative nonrigidity of 
the spores at lower frequency—a situation which would 
violate the theoretical boundary conditions. The absorp- 
tion coefficients were also determined at a frequency of 990 
kilocycles interferometrically, using the theory of Hubbard. 
The balance and the interferometric methods agree as to 
the absorption in water within 9 percent, with reference to 
their mean. 
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